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ABSTRACT

Modern networked systems—ranging from real-time communication platforms
to distributed computing infrastructures—operate in increasingly dynamic and
strategic environments, where traditional optimization methods often fall short.
This dissertation develops a new algorithmic framework for distributed network
optimization grounded in game-theoretic bandit learning. We model fundamental
problems, such as congestion control and resource allocation, as repeated games
involving strategic agents who receive only partial (bandit) feedback. Motivated
by practical challenges in computer networks, we design and analyze algorithms
that not only minimize regret but also steer collective behavior toward equilib-
rium.

The contributions of this dissertation are threefold. First, we propose a new
framework based on swap-regret minimization and online mirror descent, and es-
tablish high-probability regret bounds in multi-player bandit settings. These re-
sults guarantee convergence to correlated equilibria under decentralized, partial-
information feedback. Second, we introduce optimistic learning techniques to ac-
celerate convergence by leveraging predictability in the environment. Third, we
apply our algorithms to real-world networking tasks, including TCP congestion
control, and demonstrate improved stability, throughput, and fairness through ex-
tensive trace-driven emulations.

Together, these contributions bridge the theoretical foundations of online learn-
ing and game theory with practical considerations in network protocol design, of-
fering robust tools for decentralized decision-making in uncertain and adversarial
environments.
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Chapter 1
Introduction

Many natural and engineered systems can be understood as dynamic networks,
where each node represents an autonomous, decision-making entity, such as a user,
device, or institution. These entities interact over time in ways shaped by uncer-
tainty, partial information, and evolving local contexts. Rather than adhering to
centralized control, each agent adapts its behavior in response to its environment
and to the observed or anticipated actions of others. The global behavior of the sys-
tem emerges from these decentralized interactions, often stabilizing toward forms
of equilibrium that reflect a balance of incentives, constraints, and learning dynam-
ics among agents. Understanding when and how such equilibria arise—whether
cooperative, competitive, or mixed—is central to designing systems that are both
robust and efficient. This perspective unifies ideas from computation, game theory,
and complex systems, offering a principled approach to reasoning about coordina-
tion, conflict, and adaptation in strategic environments. These ideas motivate us to
study how local learning dynamics can drive global system behavior in real-world
networks.

Our research begins with congestion control, a classical yet persistently chal-
lenging problem at the heart of networked systems. Despite decades of study and
its seemingly intuitive structure, an ideal solution that balances efficiency, fair-
ness, and robustness remains elusive. Congestion control has immense practical
importance. It directly affects how billions of users experience Internet-based ser-
vices such as web browsing, video streaming, and real-time communication. As
modern networked systems become increasingly complex—spanning data centers,
mobile devices, and edge infrastructure—the demand for congestion control mech-
anisms that are efficient, fair, and adaptable is more urgent than ever. Traditional



heuristic-based protocols, while scalable, often lack robustness under dynamic
and heterogeneous conditions. This underscores the need for principled meth-
ods grounded in learning theory that can adapt to local feedback, operate without
centralized control, and provide performance guarantees.

As we delved deeper into this domain, it became increasingly apparent that
many foundational questions, particularly those concerning decentralized decision-
making and feedback, remain unresolved. This realization led to a broader line of
inquiry throughout my doctoral research: exploring the theoretical underpinnings
of distributed learning and game-theoretic dynamics, and the development of prin-
cipled algorithms that bridge theory and practical deployment.

Although congestion control serves as the primary motivation, the techniques
and insights developed in this dissertation extend well beyond networking, with
potential applications in economics, multi-agent systems, and large-scale decision-
making under uncertainty. In what follows, I outline the motivation behind this
dissertation, present the research problems, summarize our key contributions, and
provide an overview of the structure.

1.1 A Motivation Example — TCP Congestion Control

Congestion arises in all networked systems when competing traffic exceeds the
limited communication capacity. Among these systems, one of the most critical to
the functioning of modern society is computer networking, ranging from local area
networks to the global Internet. At the heart of this infrastructure lies Transmission
Control Protocol (TCP).

TCP is a fundamental protocol used for reliable data transmission on the In-
ternet. Beyond ensuring that data is delivered correctly and in order, TCP plays
a crucial role in congestion control, regulating how much data are injected into
the network at any time. Each TCP connection, or TCP flow, independently ad-
justs its sending rate based on local feedback such as packet loss or throughput,
without direct knowledge of the overall network state. This decentralized adap-
tation enables TCP to respond to congestion dynamically; however, it also means
that the collective behavior of multiple flows can lead to complex interactions and
inefficiencies, particularly when resources are shared or limited.

Modern TCP congestion control often relies on heuristic-based mechanisms that



have enabled the Internet to scale effectively [67]. However, these methods fre-
quently fall short of achieving optimal efficiency or fairness in increasingly com-
plex and heterogeneous network environments. Consider a scenario where multi-
ple TCP flows share a common bottleneck link. Each flow independently adjusts
its transmission rate based on local feedback, such as packet loss or delay, yet lacks
visibility into the global network state or the behavior of other flows.

This decentralized setting naturally invites a game-theoretic interpretation: each
flow can be viewed as a self-interested player aiming to optimize its own perfor-
mance (e.g., throughput or latency) without centralized coordination. Game the-
ory offers a principled framework for analyzing such strategic interactions among
multiple players. In the context of networked systems, users or protocols can be
modeled as players in a game, where each player selects a strategy, such as a
transmission rate, and receives a payoff determined by the collective behavior of
all players.

This perspective motivates a central question: Can game-theoretic tools pro-
vide stronger theoretical guarantees than traditional heuristic-based meth-
ods for guiding individual TCP flows to adapt their behavior in a decentral-
ized manner, such that the system converges toward an equilibrium? Ideally,
such equilibria would promote fair bandwidth sharing among flows and lead to
globally efficient network performance. Addressing this question calls for bridg-
ing the gap between the theoretical foundations of game theory and the practical
constraints of real-world network environments.

1.2 Equilibrium Learning in Games

A central goal in game theory is to characterize equilibria, i.e., stable outcomes in
which no player has an incentive to deviate. The most well-known concept is the
Nash equilibrium (NE), where each player’s strategy is a best response to others,
i.e., no players would deviate unilaterally. However, while Nash equilibria capture
rational behavior in principle, they often suffer from inefficiencies in practice and
can be computationally intractable in large-scale systems.

In contrast, the correlated equilibrium (CE) is a broader solution concept that
often yields better social performance. A CE is defined as a joint distribution over
actions from which a central coordinator privately recommends an action to each



player. The key requirement is that no player has an incentive to unilaterally
deviate from the recommendation, assuming that others follow theirs. This equi-
librium notion relaxes the independence assumption of NE and allows for implicit
coordination through correlation.

Traditional methods for computing equilibria assume full knowledge of the
game and centralized computation—assumptions that break down in dynamic and
large-scale environments [62]. In practice, especially in networking scenarios such
as TCP congestion control, players only have access to local feedback and act in-
dependently. This has motivated a shift toward learning-based approaches that
approximate equilibria over time through repeated interactions.

Recent developments in online learning have uncovered a deep connection be-
tween regret minimization and equilibrium computation. At a high level, regret
quantifies the performance gap between a learner’s decisions and a competitor’s
decisions. The most fundamental notion is external regret (see Definition 2.5),
which measures how much worse the learner performs compared to the competi-
tor who always plays the best fixed action in retrospect. In repeated games, if
each player minimizes external regret, the empirical strategy profile converges to
a Nash equilibrium in two-player zero-sum games (see Theorem 2.1).

A stronger notion, known as swap regret (see Definition 2.6), compares the
learner’s performance against competitors with all alternative strategies defined
by swap functions, which remap actions to potentially better alternatives. If every
player minimizes swap regret, the time-averaged joint distribution of play con-
verges to a correlated equilibrium in an ergodic sense, as established in Theo-
rem 2.2.

This learning-based viewpoint enables equilibrium computation through fully
decentralized, feedback-driven dynamics, making it both scalable and applicable
to real-world multi-agent systems where centralized control is infeasible.

However, while most existing results are established under the full-information
feedback, where the losses or rewards of all actions, including unchosen ones,
are observable, the corresponding guarantees under bandit feedback remain less
understood. In many practical systems, such as TCP congestion control, players
can only observe the outcome of their own actions (e.g., the experienced delay
or packet loss from a selected transmission rate), making bandit feedback a more
realistic model. This partial observability poses significant challenges for equi-
librium learning, particularly for minimizing swap regret, which plays a central



role in ensuring convergence to correlated equilibria. In this work, we focus on
bridging this gap by studying swap regret minimization in the bandit setting, with
the goal of developing learning algorithms that are both theoretically sound and
practically applicable to distributed network protocols.

1.3 Contributions

The research presented in this dissertation is informed by a sequence of earlier
studies during my doctoral training that deepened my understanding of online
learning and networked systems. My initial work focused on regret minimization
in bandit problems with combinatorial actions and stochastic rewards [50, 51], and
later expanded to more complex adversarial settings [54, 56]. While these prior
projects addressed distinct subproblems, they played a formative role in developing
the theoretical perspective and algorithmic tools that laid the groundwork for this
dissertation.

Building on this foundation, the present work takes a unified view of swap-
regret minimization under bandit feedback and its implications for decentralized
learning and control. We develop a series of algorithms and analyses that not only
advance the theoretical understanding of high-probability regret bounds, but also
demonstrate how game-theoretic learning dynamics can be applied to the design
of distributed protocols in networked systems. The key contributions are:

1. We establish a high-probability upper bound on the instantaneous swap re-
gret under bandit feedback, showing that it scales as O (Am /T In (%)) for
A,, actions over T rounds, with probability at least 1 — 4.

To the best of our knowledge, this is the tightest known swap-regret bound
available in the bandit setting. Building on this result, we further show that
if each player adopts the proposed swap-regret-minimizing algorithm, the
empirical joint distribution of play converges to a correlated equilibrium with
high probability.

This contribution is notable because existing bounds—typically stated in
expectation—do not guarantee convergence in a single realization. In con-
trast, our high-probability framework offers stronger and more practical guar-
antees for decentralized learning, bridging a critical gap between regret min-



imization and equilibrium computation in bandit settings. These results were
published in UAI 2023 [52] and IEEE/ACM Transactions on Networking [55].

2. We design new bandit algorithms that achieve improved swap-regret bounds
with reduced dependence on the time horizon 7'. By leveraging the fact that
each player runs a swap-regret-minimizing algorithm—making their behav-
ior predictable—we reduce the time dependence of the regret from the stan-
dard O(v/T) to O(T'/*), significantly accelerating convergence to correlated
equilibrium.

This result highlights the potential of adaptivity in bandit learning, offering
both stronger theoretical guarantees and enhanced empirical performance in
decentralized settings. We note that our approach does not use fully bandit
feedback, because we take expectations on the observed rewards over other
players’ actions, which also leads to an open question of whether similar
improvements can be achieved in a fully bandit setting. The work appears
in IEEE INFOCOM 2025 [57].

3. We bridge theory and systems by demonstrating that the game-theoretic
models can inform practical protocol design in real-world systems. In partic-
ular, we apply our theoretical insights to TCP congestion control by imple-
menting the proposed swap-regret-minimizing algorithm in the Linux Kernel
5.13.12, using the congestion control plane architecture [80].

Through trace-driven emulation across diverse network topologies, we show
that the resulting protocol improves both throughput and fairness, underscor-
ing the practical impact of learning-based approaches in real-world network-
ing environments. These results were published in IEEE ICDCS 2023 [53] and
IEEE/ACM Transactions on Networking [55].

While the core contributions of this dissertation are theoretical, they carry
meaningful implications for real-world system design. They reflect a broader prin-
ciple explored throughout this work: in complex systems, global order need not
be dictated—it can emerge through learning.

Thus, embedding learning-based decision-making into network protocols of-
fers a promising path toward self-optimizing infrastructure systems that adapt and
improve over time through continual interaction, rather than relying on manu-
ally tuned heuristics. The algorithms and insights developed in this work lay the



foundation for scalable, adaptive, and principled solutions across a range of set-
tings, including computer networks, cloud resource management, and multi-agent
coordination.

Beyond networking, these methods extend to broader domains such as eco-
nomics and societal systems, where autonomous agents interact strategically un-
der uncertainty. As modern infrastructure becomes increasingly autonomous and
data-driven, learning-enabled protocols are poised to play a central role in shaping
the next generation of distributed systems.

1.4 Dissertation Overview
We end the introduction with an overview of the remaining dissertation.

» Chapter 2 provides background on normal-form games, equilibrium con-
cepts, online learning, and classical algorithms. This foundational material
supports the theoretical developments in the subsequent chapters.

« Chapter 3 introduces algorithms that minimize swap regret under bandit
feedback and establish high-probability bounds. We further show that such
guarantees lead to convergence toward the set of correlated equilibria.

+ Chapter 4 presents an adaptive swap-regret-minimizing algorithm achieving
a faster convergence rate by incorporating optimistic learning techniques.

« Chapter 5 applies one of the proposed algorithms to the practical setting
of TCP congestion control. We implement the algorithm through the Linux
Kernel 5.13.12 based on the congestion control plane [80] and evaluate its
performance through extensive trace-driven emulation experiments.

+ Chapter 6 concludes the dissertation and outlines possible directions for fu-
ture research.

* Detailed proofs and technical lemmas for the theoretical results are provided
in Appendix A.



Chapter 2
Background Materials

In this chapter, we explore the connections between game theory and online learn-
ing, and present key theorems that support our theoretical contributions. Unless
otherwise stated, the full proofs of the theorems and lemmas discussed here are
provided in Appendix A.1.

2.1 Game Theory

2.1.1 Normal-Form Games

A normal-form game is defined by a tuple (V, {A,, }ne[n], {tn }nev)), where N is the
number of players. Each player n € [N] := {1,..., N} has an action set 4, of finite
size A, := | A,|, and a reward function u,, : A — R, where A = ®TJLV:1 A, is the set
of joint actions of all players. The reward function means that, after each player n
chooses an action a,, € A,, the resulting joint action determines payoffs for each
player.

A player may also sample actions according to a probability distribution p,, €
A(A,) over their action set .4,,; we refer to this approach as a mixed strategy. Under
this strategy, the player samples an action a ~ p,, and plays the selected action.

When the normal-form game is repeated over 7 rounds (i.e., t = 1,...,7), we
use superscripts to denote time-dependent quantities, e.g., af, € A, is the action
chosen by player n in round ¢, and u!, : A — R is the corresponding reward function
for that round.



2.1.2 Equilibrium Definition

A Nash equilibrium (NE) is a joint strategy profile in which no player can benefit
by unilaterally deviating. A formal definition is as follows.

Definition 2.1 (Nash Equilibrium). Let p,, € A(A,) be a mixed strategy for player
n, and let p = (p,...,p,) be a joint mixed strategy profile. The expected rewards
of player n are given by:

un(p) = Eqnpltn(@)] = ) <H pj(aj)> Un(a).

acA \j=1
A strategy profile p* = (pj, ..., p)) is called a Nash equilibrium (NE) if no player
can improve their expected rewards by unilaterally deviating. That s, foralln € N
and all p, € A(A,),
Un (i D) 2> Un(Pi PE,),

where (p;; p*,,) is an abbreviation of (p7,...p}, ..., py) to highlight the mixed strat-
egy of player n against other players.

A more general concept is correlated equilibrium (CE), which describes a joint
distribution of action profiles, such that if there is a mediator (or a central con-
troller) that samples an action profile from this joint distribution and secretly sig-
nals to the corresponding players, no players will deviate from the recommenda-
tion unilaterally. We adopt the definition of correlated equilibrium from Defini-
tion 7.3.1 of [32] as follows:

Definition 2.2 (Correlated Equilibrium). A joint distribution P € A(A) is a corre-
lated equilibrium if, for all n € [N] and a,, a/, € A,, we have

Eap [un(ay;a n) | an] < Eavp [un(A) | an],

where (a/;a_,) is an abbreviation of (a;,...,a/,,...,ay) to highlight the action of

»'n)

1 /
player n is a/,.

Intuitively, if a mediator privately recommends action a, to player n, and the
other players follow their recommendations, then player n has no incentive to
unilaterally deviate from «a, to any alternative action a,.
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Next, we introduce the e-correlated equilibrium, a generalization of the stan-
dard correlated equilibrium that allows for an additional cost. We adopt the alter-
native definition from Theorem 7.3.2 of [32], which removes the conditioning in
the original definition at the cost of quantifying over all swapping functions. This
formulation is particularly useful, as it naturally connects to the notion of swap
regret introduced in Sec. 2.2.3.

Definition 2.3 (e-Correlated Equilibrium). A joint distribution P € A(A) is an e-
correlated equilibrium if, for every player n € [N], and any function F, : A, — A,,

such that
EANP [un<Fn<an)7 a—n) - un(an; a—n)]

= 3" P((an3 @) (un(Falan); ) — n(ania_)) < e. (21)
AcA
where (a,;a_,) is an abbreviation of A := (ay,...,ay,,...,ay) to highlight the ac-

tion of player n is a,,.

When e = 0, we obtain the definition of CE equivalent to Definition 2.2; a proof
of their equivalence can be found in the proof of Theorem 7.3.2 in [32].

The main difference between a NE and a CE lies in the structure of the under-
lying probability distribution: a CE is defined over a joint distribution of players’
actions, while a NE requires the distribution to factor as a product of independent
strategies. As a result, every NE is a CE, but not every CE is an NE, making CE a
strict generalization of NE by allowing strategic correlation among players.

When all the functions F;, considered are only constant functions, we have a
more general equilibrium that is the coarse correlated equilibrium (CCE).

Definition 2.4 (e-Coarse Correlated Equilibrium). A joint distribution P € A(A)
is called an e-coarse correlated equilibrium (CCE) if, for every player n € [N], every
action a/, € A,, and € > 0, it holds that

Eoplun(al,,a_,) —uy(a)] <e. (2.2)

When ¢ = 0, we obtain the definition of CCE. Intuitively, the key difference be-
tween a CE and a CCE lies in what information players receive and when they
commit to their actions. In a CE, a mediator samples an action profile from a joint
distribution and privately recommends each player their part; players then decide
whether to follow their recommendation, and the equilibrium condition ensures
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that no player has an incentive to deviate given their private signal. In contrast,
in a CCE, the mediator publicly samples and announces the entire action profile
before players commit to any action; each player must decide whether to follow
the suggestion or unilaterally switch to a fixed strategy, without conditioning on
any private recommendation. As a result, CE imposes stricter incentive constraints
than CCE, making the set of CEs a subset of the set of CCEs.

There is a deep connection between equilibrium computation and online learn-
ing. Broadly speaking, if each agent in a repeated game independently follows an
online learning algorithm, the joint learning dynamics can converge to an equi-
librium. Motivated by this relationship, we first review key concepts in online
learning and then highlight its intrinsic connections to equilibrium computation
in game theory.

2.2 Online Learning

Online learning provides a powerful abstraction for sequential decision-making
under uncertainty. Consider the following model [108]: A learner has an action
space 2 C R? for some d > 0, and in eachround t =1,....,7,

1. The learner decides an action p' € ,
2. The environment determines a loss/reward function f*: Q — R,

3. The learner suffers loss f!(p') and observe some information about f*.

The loss functions f' may be chosen adversarially, either fixed in advance or
adapted based on the learner’s past actions.

Such a model captures various online learning problems, including the expert
problem and the multi-armed bandit problem, which represent two feedback mod-
els, i.e., full-information feedback and bandit feedback.

2.2.1 The Expert Problem

The expert problem is a fundamental setting in online learning that models decision-
making under uncertainty with access to a set of advisors or “experts”. For exam-
ple, in portfolio management, each expert can represent a distinct investment strat-
egy, and the learner allocates capital across strategies based on past performance.
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In news recommendation systems, experts correspond to different recommenda-
tion algorithms, and the learner adaptively blends their outputs to optimize user
engagement. More broadly, the expert framework applies to any setting where
multiple heuristics, models, or strategies are available, and the goal is to combine
them adaptively in the presence of feedback.

Therefore, for an expert problem, given a set of experts [d] := {1,...,d}, the
learner needs to decide how to aggregate the advice of the d experts. The action
space is the probability simplex over d experts, i.e., Q@ = AY! := {p € R, |
> po = 1}. Thus, in eachround ¢t = 1,..., 7"

a€ld]

 The learner needs to decide a vector p! € Q.

« The environment determines a loss function f!(p) = (p, y'), where y' € [0, 1]¢
is the loss vector for experts.

+ The learner receives a loss f*(p’) and feedback y'.

Here we note that a reward-based formulation can be equivalently converted to
this loss-based setting, e.g., y' = 1 — «! for any reward u’ € [0, 1]%, and vice versa.
Therefore, for ease of presentation, we will refer to “loss” and “reward” using the
same framework, converting between them as appropriate depending on context.

The expert problem is under the full-information feedback, meaning the learner
observes the entire loss vector y' after each round, even for experts whose advice
was not followed.

2.2.2 The Multi-Armed Bandit Problem

The multi-armed bandit problem is a fundamental model in online learning that
captures the trade-off between exploration and exploitation under limited feed-
back. The name “multi-armed bandit” comes from a metaphor involving a gambler
at a casino facing multiple slot machines, each with different random payouts. Slot
machines are colloquially called “one-armed bandits” because they have a single
lever (the “arm”) and can “steal” your money (like a bandit) if you keep playing
unluckily.

Multi-armed bandits arise naturally in many real-world scenarios. For example,
in online advertising, each arm represents a different ad, and the goal is to display
ads that maximize click-through rates based on partial feedback. In clinical trials,
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different treatments correspond to arms, and the challenge is to assign patients to
effective treatments while learning their efficacy. Other applications include A/B
testing and network routing under uncertainty. The simplicity and generality of
the MAB model make it a foundational tool for sequential decision-making under
uncertainty.

Formally, with notations similar to the expert problem, we can describe a multi-
armed bandit problem with d arms as follows. In each round ¢t =1,..., 7"

1. The learner decides p' € A~! and selects one of the arms a’ ~ p'.

2. The environment determines the loss function f*(a) := 3 ., 1[a’ = aly;,
where ¢! € [0,1].

3. The learner suffers the loss f(a’) but only observes the loss for the played
arm y',.

Unlike in the expert setting, the learner only observes the loss/reward associated
with the chosen arm, i.e., only one entry of 3’, not the losses or rewards of the
others, which defines the bandit-feedback model.

These two feedback models, full-information and bandit feedback, are the most
fundamental and classical paradigms in online learning. The full-information model
allows the learner to make more informed updates by accessing the complete loss
vector, which typically leads to faster convergence and tighter regret bounds. In
contrast, the bandit feedback model presents a more challenging scenario due to its
limited observability, requiring the learner to balance exploration and exploitation
to estimate losses and minimize regret. Many extensions and variations of online
learning, such as contextual bandits, partial monitoring, and feedback graphs, can
be viewed as generalizations or interpolations between these two extremes.

2.2.3 Regret

In online learning, we often use regret to measure the performance of a learning
algorithm. The most basic regret notion is external regret, which compares the
cumulative performance of a set of competitors that always play a fixed action
over time.

Definition 2.5 (External Regret). Given a sequence of loss vectors y',...,y7 > 0,
the regret between the actions a',...,a” output by the learning algorithm and a
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competitor always playing a fixed action o’ € [d] is defined as follows:

RIT) = Y (e~ o)

=1

=Y > 1 =aly, - > ub

t=1 aeld] t=1

~+

Furthermore, external regret is defined by

R™YT) := max R(T,d’).
a’€d]

External regret is the most basic regret notion, which only compares the learn-
ing algorithm to d competitors when there are d actions. Analyzing the external
regret is not only practically meaningful when there is always one best arm, but
also paves the way for more complicated regret notions, e.g., swap regret.

Swap regret compares the learning algorithm with competitors whose actions
are defined by a set of swap functions F := {F' : [d] — [d]} that map each action
to another (possibly the same) in [d]. The formal definition of swap regret is as

follows.
Definition 2.6 (Swap Regret). Given a sequence of loss vectors 3!,...,y7 > 0,
the regret between the actions a!,. .., a” output by the learning algorithm and a

competitor playing actions F'(a'),..., F(a”) € [d], where F' € F, is defined as
follows:

T T
R(T, F) = Z’f’at7F(at) = Z (yit - y%(at))

t=1 t=1
T

= Z 1[a" = aly! — Z Z 1[a" = alyp ).

t=1 a€|d t=1 a€[d]

Furthermore, swap regret is defined by

R T):=max R(T, F).
FeF
Since there are d¢ possible swap functions over d actions, i.e., | F| = d¢, swap
regret compares the learning algorithm against a much larger set of competitors.
As aresult, a swap-regret-minimizing algorithm (i.e., one whose swap regret grows
sublinearly with 7") is robust to a broader class of loss sequences than algorithms
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that only minimize external regret.

2.3 Connections Between Online Learning and Game

Theory

For simplicity, we only consider normal-form games. There are many conver-
gence types, including ergodic convergence and last-iterate convergence. In this
dissertation, we focus on ergodic convergence, a fundamental concept that reveals
interesting and important connections between online learning and game theory.

2.3.1 Ergodic Convergence to Nash Equilibrium

In a repeated two-player zero-sum game, the following theorem guarantees that
if both players self-play an external-regret-minimizing algorithm, then the learning
dynamics, i.e., the sequence of actions played over time, converge ergodically to
a set of Nash equilibria as defined in Definition 2.1.

Theorem 2.1. Consider a two-player zero-sum game with payoff matrix u € R41*4z,
Suppose that each player plays for 7" rounds and uses an algorithm that minimizes
external regret, i.e., for player 1:
1 T
max - Z [u(a,ds) — u(al,al)] =0 asT — oo,
t=1

and similarly for player 2:

1 T

max - ; [—u(al,b) + u(af,ay)] -0 asT — oc.

Then, the empirical mixed strategies,

R 1 3 1
@)= 231 —dl, (@)= £ 3 10e =l
t=1 t=1
converge to the set of Nash equilibria; that is, every limit point (p,g) of the se-
quence (pT,¢") as T — oo is a Nash equilibrium.
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2.3.2 Ergodic Convergence to Correlated Equilibrium

With the notations we introduced in Sec. 2.1, we further introduce the empirical
joint distribution of actions as follows:

Definition 2.7 (Empirical Joint Distribution of Actions). We define PT as the
empirical joint distribution over actions, where for any joint action A € A :=
(X)fj:l A,, the empirical probability of A being played is

PT(A) = %Z 1[A" = A].

In a repeated multi-player normal-form game, the following theorem guaran-
tees that, if every player self-plays a swap-regret-minimizing algorithm, then the
empirical joint distribution P” converges to a set of correlated equilibria defined
in Definition 2.3.

Theorem 2.2. Let {A'}L | be the sequence of joint actions in an N-player game,
where A’ = (a},...,dy) € A:= ®"_, A,. Suppose each player n follows a learning
algorithm that guarantees
1 I
t t 4 t
FnI.}llfi(An f t_zl [Un(Fn(CLn), a—n) - u"(an’ a—n)} S €r.
Then, PT converges to the set of ey-correlated equilibria. If e¢; — 0 as T — oo,

then P” converges to the set of correlated equilibria as 7 — oc.

2.4 C(lassic Families of Learning Algorithms

In this section, we review two classic families of learning algorithms [87] — online
mirror descent and (optimistic) follow-the-regularized-leader. Both algorithmic frame-
works share common assumptions, including that each loss function f! is convex
and that the learner has access to strongly convex regularizers ) (or possibly )*).
Additionally, certain concepts, such as Bregman divergence, are fundamental to
both frameworks. We therefore introduce these preliminaries before presenting
the details of both frameworks.
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2.4.1 Preliminaries for Convex Analysis

Convex Set and Functions. We begin by briefly reviewing the notion of a convex
function. A precise definition of a convex function first requires the concept of a
convex set.

Definition 2.8 (Convex Set). A set is said to be convex if, for any two points in the
set, the entire line segment connecting them lies entirely within the set.

Intuitively, a convex set contains all points “between” any two of its elements,
i.e., there are no “dents” or “holes” in the set.

Let dom(¢)) denote the effective domain of \)— the set of all input values p for
which ¢ (p) < +oo. With this notion in place, we define convex functions as fol-
lows:

Definition 2.9 (Convex Function). A function ¢) : dom(¢)) — R is said to be convex
if its domain dom(¢)) is convex, and for all p,q € dom(v) and all A € [0, 1], the
following inequality holds:

P(p+ (1= N)gq) < Mp(p) + (1 — N)p(q).

The function is said to be strictly convex if the inequality is strict for all p # q.

Intuitively, a convex function lies below the straight line (chord) connecting
any two points on its graph. In the strictly convex case, the graph of the function
lies strictly below the chord, indicating that the function curves downward with
no flat regions. Strict convexity also implies that a minimizer of the function, if it
exists, is unique.

Interior and Relative Interior. Since a convex function may not be differen-
tiable on the boundary of its domain, we usually study the concept of the interior
or relative interior of its domain, as defined below.

Definition 2.10 (Interior). For a set {2 C R”, a point p € () is called an interior
point of Q if there exists an open ball B(p,c) = {¢ € R" : ||¢ — p|| < ¢} such that
B(p,e) C . The set of all such points is called the interior of (2, denoted int(2).

Intuitively, points in int({2) lie strictly inside {2 with some “breathing room”,
away from the boundary. However, when () lies in a lower-dimensional affine
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subspace of R”, the interior in the ambient topology may be empty. A typi-
cal example is the simplex over d actions in online learning problems: A4l :=
{p €RLy: Y e pla) = 1}, which has an empty interior in R%. In this case, we
use the notion of relative interior:

Definition 2.11 (Relative Interior). A point p € {2 C R" is in the relative interior,
denoted relint((2), if there exists an open ball in the affine hull of 2 that is contained
in 2. Equivalently,

relint(Q) = {p € Q: 3= > 0, Bass)(p,€) C Q},

where aff(2) = {Zle Nigi k>1,q; € Q, Zle Ai = 1} is the smallest affine sub-
space containing 2, and Bago)(p,€) = {q € aff(Q2) : |[¢ — p|| < €} is the open ball
defined on aff((2).

For example, a simplex in R” has empty interior in R, but its relative interior
is nonempty and consists of all convex combinations with strictly positive coeffi-
cients, denoted by relint(A?~!) := {p €RLy: Y e p(a) = 1}.

Suppose the convex function v is also differentiable in the interior of its domain,
i.e., int(dom(%))). We have the first-order optimality condition for such a minimizer
p* of the function :

(Vi (p*),q — p*) > 0,Vq € dom(v)). (2.3)

Bregman Divergence. When 1 is strictly convex, we can define a notion of dis-
tance that reflects the geometry of the function by incorporating its curvature. This
leads to the following definition of the Bregman divergence, which generalizes the
concept of distance beyond the Euclidean setting.

Definition 2.12 (Bregman Divergence). Let ¢) : dom(¢)) — R be strictly convex
and differentiable on relint(dom(v))) # {}. The Bregman divergence with regard
to ¢ is denoted by By, : dom(¢) x relint(dom(¢))) — R defined as

By(p;q) = ¥(p) —¥(q) — (V(q),p — q) -

The following lemma, due to [22], characterizes a key property of the Breg-
man divergence and will be instrumental in our algorithmic analysis. The proof is
omitted, as it follows directly from the definition of Bregman divergence.
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Lemma 2.3. For any three points p, ¢ € relint(dom(v)) and v € dom(¢), we have
By(u; p) + Bu(p; 4) — By(u; q) = (Vi (q) = Vi(p),u — p).

Norm. In convex analysis, we will often use the norm of a vector to measure the
distance from the origin in Euclidean space. The formal definition of norm is given
as follows.

Definition 2.13 (Norm). A norm on a vector space R? is a function ||-|| : R? — R
that satisfies the following three properties for all p, ¢ € R? and all scalars c € R.

1. Non-negativity: ||p|| > 0, and the equality holds when p = 0.
2. Positive homogeneity: ||cp|| = |¢|||p]|-

3. Triangle inequality: ||p + ¢|| < [|p|| + |l¢]|.

A closely related concept is dual norm, defined as follows.

Definition 2.14 (Dual Norms). The dual norm || - ||, of a norm || - || is defined as

10]], = max,, <1 (¢, p)-

We now present two examples of norms that are widely used in convex analysis.
The first is the L, norm.

Example 2.1 (L, Norm). The L, norm of a vector p € R? is defined as

1/2

Ipll2 == > p2
a€ld]

The dual norm of the L, norm is itself an L, norm, i.e., ||p||2.

The second example is the quadratic norm, which depends on a positive definite
matrix.

Example 2.2 (Quadratic Norm). Given a positive definite matrix A € R, the
quadratic norm of a vector p € R? with respect to A is defined as

Iplla :== v/p"Ap.

The dual norm of a quadratic norm is also a quadratic norm, but defined with
respect to the inverse matrix: ||p|[a-1.
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This notion naturally generalizes to local norms when the positive definite ma-
trix varies with the point. Indeed, by Taylor’s theorem, the Bregman divergence
By(p; q) induced by a twice-differentiable function ¢ can be locally approximated
by a quadratic form:

Byp:0) = v() — 0la) — (V(a).p — ) = 2 1p — alauce,

where the local norm induced by ¢ is defined by the Hessian of ¢) at some point Z
on the line segment between p and ¢:

[vllv2ue) = VT V20 (Z)0.

In this way, the quadratic norm with a fixed matrix A is a special, global case of a
local norm where the matrix is constant across the domain.

Self-Concordant functions. A concept closely tied to local norms is that of self-
concordant functions, a special class of convex functions whose curvature changes
are smoothly controlled. Self-concordant functions were introduced by Nesterov
and Nemirovski in the context of interior-point methods [82, 83, 84]. The key
idea is that the third-order directional derivative in any direction is bounded by
the cube of the local norm, ensuring well-behaved curvature for optimization.

Definition 2.15 (Self-Concordant Function). A convex and three-times differen-
tiable function ¢ : dom(¢)) — R is said to be self-concordant on a nonempty, open,
convex set dom(¢)) C R? if for all p € dom(v)) and all directions » € RY, it satisfies:

3/2

‘Dgw(l?) [hv h7 h” <2 (hTV%(P)h) = QHhHSV%Z;(

p)’

where D3y (p)[h, h, h] denotes the third directional derivative of 1 at p in direction

h, and ||h||v2y() == /T V2(p)h is the local norm induced by ¢ at p.
Furthermore, we call ¢ a #-self-concordant barrier, if for all p € dom(¢) and

h € R4,
(VY (), h) [ < OhlIZ20)- (2.4)

We provide an example of self-concordant functions as follows.

Example 2.3 (Log-Barrier). A canonical example of a self-concordant function is
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the log-barrier function defined on the positive orthant R?, by

This function is convex and diverges to +oo as any p(a) — 0%, making it a barrier

function. Its Hessian is diagonal with entries V?¢(p)a, = Iﬁ, and its third-order

directional derivative satisfies
ID*6(p)[h, b, ]| = 2 (R0 (p)h) ™,

So it meets the self-concordance condition with equality. In addition, v (p) is a
d-self-concordant barrier for p € R‘io according to (2.4), because

N

=1

d

2
hi
Z_

(Vo). mf = >

<2 o2 | 4= Ikl

i=1 "
where the last inequality follows from the Cauchy-Schwarz inequality.

Now, we present a lemma from (2.3.3) in Proposition 2.3.2 of [84] that bounds
the difference in function values of a self-concordant barrier based on a certain

notion of distance between two interior points.

Lemma 2.4. For any f-self-concordant barrier ¢ and p, ¢ € int(dom(v)), we have

Y(p) —¥(¢) < 0ln (m) ,
where

m(p;q) =inf{s >0:¢q+s'(p—q) € dom(y)}. (2.5)

With the above tools, we are ready to introduce the two classic algorithms for
online learning.

2.4.2 Online Mirror Descent

The core idea of Online Mirror Descent (OMD), as shown in Alg. 2.1, is to approx-
imate the loss function at each round with a linear surrogate and then perform an
update regularized by a Bregman divergence. Specifically, after observing the loss
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y', OMD selects the next point by minimizing this linearized objective combined
with a Bregman divergence:
t+1 : t 1 t
p*t =argmin (p,y") + =By (p;p). (2.6)
peEN n

Note that the update in (2.6) can be implemented in two steps. First, we solve the
optimization in an unconstrained setting to obtain a minimizer p € R%. Then, we
project p back onto the feasible set (:

1
p't = argmin (y',p) + =By (p;p') ,
pedom(v)) n (27)

t+ H—l)

p'*! = argmin By, (p;p
peEQ
The benefit of this two-step implementation is that we can sometimes solve two

easy optimization problems instead of one.

Algorithm 2.1 Online Mirror Descent

1: Input Y, > 0,Vt € [T

: Set p! = argmin 1 (p)
pEQ
:fort=1,....,T do

Output p’
Observe a loss vector 3

Set pitl = argn&in (p,y") + %B¢(p;pt)
pe

N

QU hw

7: end for

OMD has the following theoretical guarantees using local norms (see Defini-
tion 2.2).

Lemma 2.5. Assume the solutions p'*! and p'*! to (2.7) exist. Let z! lie on the line
segment between p' and p'*!. Then, for any sequence of loss 3!,...,y" > 0, and
any p € (), the OMD’s output p!,. .., p! satisfies:

T T
77
S0 n) < s P 3 Wl

Local norms allow regret to be bounded in terms of geometry at the current
iteration, yielding adaptive bounds that can be significantly tighter than worst-
case global norms.
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Next, we present two examples of OMD on the probability simplex A%~ in-
stantiated with the negative Shannon entropy, and negative Tsallis entropy, which
serve as building blocks for the algorithm proposed in Chapter 3.

Example 2.4 (OMD-Shannon). Consider OMD using the (negative) Shannon en-
tropy as the regularizer defined by:

=Y pla)In(p(a))

a€ld]

Then, the two-step update rule becomes (2.7) for all a € [d] as follows:

P+ (a) = p'(a) exp(—nys),
1) — ﬁtﬂ(a) (2.8)
p ( )_ Zae[d] +1( )

which is equivalent to the following one-step update rule for any a € [d|:
t
exp (—77 21 yé)
t )
> exp (—77 X_)l yz‘i)

a€ld]

ptHa) =

which recovers the famous Hedge algorithm for the expert problems, and the Exp3
algorithm [9] for the bandit problems. Now, we state the negative Shannon-
entropy version of Lemma 2.5.

Lemma 2.6. With the condition in Lemma 2.5, for any y!,...,y” > 0 and for any
p € A1, OMD with the negative Shannon entropy satisfies:

gp—p,w_ UZZP

t=1 a€ld

Proof. The negative Shannon entropy ¢ (p) is maximized when p concentrates on
one action, and is minimized when p is uniform. Thus, By(p,p’) < max, ¢ (p) —
min, ¢)(p) = Ind. On the other hand,

[k (V2(h(31)) Z Fa)(yh)? < ZP

a€ld)
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where the first equality follows from the definition of the local norm and the Hes-
5 d)) The in-
equality follows from the fact that z* lies on the line segment between p' and p'*?,

sian of the negative Shannon regularizer: V% (z!) = diag(g,,#(l), .
and the first equation in the two-step update rule of (2.8) shows that p'*!(a) =
p'(a)e ™ < pt(a), implying that z*(a) < p'(a) for all a € [d]. O

Example 2.5 (OMD-Tsallis). Consider OMD using the (negative) Tsallis entropy [2]
as the regularizer defined by:

I— Zae[d] p(a)’

w(p) = 1 _ /B )

where § € (0, 1). The Tsallis entropy can be seen as a generalization of the Shannon
1= 32 p(a)?

entropy. As ( approaches 1, the expression Eﬁ[d — — — > pla)In(p(a)). The

a€ld]
two-step update rule from (2.7) then becomes the solutions to the following two

equations for each a € [d]:

1 1 1-3

— t
CEOEOEA 2:9)
t
= 3 + N,

(PHH )= (p*(a)!”

where \! is a constant from the method of Lagrange multipliers that makes p'*!

a distribution, i.e., > pi™' = 1, which can be computed efficiently by a binary
a€ld]
search or Newton methods. We now state the Tsallis-entropy version of Lemma 2.5

with regard to any fixed p € A4L.

Lemma 2.7. With the condition in Lemma 2.5, for y',...,y? > 0 and for any
p € A1, OMD with the negative Tsallis entropy satisfies:

T dl_ﬁ— )
;<pt—p,yt>§<<)— %;% (p(a)™" (yh)2.

Proof. The negative Tsallis entropy ¢ (p) is maximized when p concentrates on
one action, and is minimized when p is uniform. Thus, By(p,p’) < max, ¢ (p) —
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min, ¢ (p) = dl;_ﬁﬁ‘ L. On the other hand,

1y 2oz = > 5 (@) W) < Y

a€ld] agld]

|

where the first equality follows from the definition of the local norm and the Hes-

sian of the Tsallis regularizer: V?y(z")"!(a,a) = % (2'(a))*"". The inequality fol-
lows from the fact that z! lies on the line segment between p' and p'*!, and the
first equation in the two-step update rule of (2.9) ensures that p**(a) < p’(a), im-
plying Z!(a) < p'(a) and hence (z'(a))?>=? < (p'(a))?>~? for 8 < 2. Now, invoking

Lemma 2.5 gives the desired results. O]

2.4.3 (Optimistic) Follow-The-Regularized-Leader

In this section, we transition from loss-based to reward-based formulations to main-
tain consistency with Chapter 4. Unlike OMD, which relies only on the previous
round’s information, the Follow-The-Regularized-Leader (FTRL) algorithm selects
actions based on the entire history of observed rewards and a (time-varying) reg-
ularizer . Specifically, the decision at round ¢ for linear reward is given by:

t—1
p' € argmax 1) <Z us,p> —(p),

pef s=1

where 1 > 0 is a predefined learning rate.

Algorithm 2.2 Follow-The-Regularized-Leader
1: Input: ¢, n, > 0,Vt € [T]
2: fort=1,...,7T do
3:  Output p' € arg néax n <Z’;;11 u,p) — ¥(p)
peE
4:  Observe a reward vector u'
5. end for

Next, we will discuss a special FTRL algorithm called optimistic FTRL (OFTRL),
as shown in Alg. 2.2. The main idea of OFTRL is to add vector m' as a predictor
of the current-round reward before observing it:

t—1
p' € argmax <mt + Zus7p> —¥(p).

PEQ s=1
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Algorithm 2.3 Optimistic Follow-The-Regularized-Leader
1: Input: ¢, n, > 0,Vt € [T]
2: fort=1,...,T do
3:  Output p' € arg n&ax n{m'+ St u®,p)y —(p)
pe

4:  Observe a reward vector u'
end for

o

Thus, if we had perfect predictions, i.e., if m! = 3!, we could select the optimal
action for the current round. However, in practice, accurately predicting the actual
loss is generally infeasible. Despite this, even when the prediction is inaccurate,
the OFTRL algorithm retains its worst-case performance guarantee.

OFTRL is quite useful for accelerating convergence to equilibria in learning
games. Although the well-known dependence of no-regret learning algorithms on
T is O(v/T) in adversarial environments, we can get a faster rate in a game setting
where every player plays a no-regret algorithm with a self-concordant function (see
Definition 2.15) as the regularizer. A self-concordant regularizer exhibits con-
trolled curvature growth, meaning its second derivative changes smoothly. This
property helps bound the variance between consecutive decisions, enabling more
stable updates and faster convergence to equilibrium.

The following result is adapted from Corollary B.3 of [6], which demonstrates
that OFTRL with a self-concordant regularizer satisfies the desired property. For
completeness, we reproduce their proof in Appendix A.1.5.

Lemma 2.8. Assume ) is a nondegenerate (i.e., V?1)(p) is positive definite) self-

concordant function in int(Q) satisfying that ¢ (p) > 0,Vp € int(Q2) and V?(p) <

2V2(p) for any p, p € int(Q2) with |[p—p||vzy ;) < ;. Letg’ := argmaxn <Zi:1 u,g)—
geQ

1(g) be the auxiliary sequence. If n||u’ —th(V%(pt))_l < tandp Hth(vw(gt,l))fl <

1 for all ¢ € [T, then for any reward sequence u'...u" > 0 and any p € int(Q), we

have

g U(p) . 1«
t ot t t]|2 t t—11)2
;<p—p,u> < T‘FQT};HU -m H(V2w(pt))—1 _@;HP -P ”V2w(pt*1)'
Next, we revisit the example from [6], in which OFTRL is instantiated with the
log-barrier regularizer on the probability simplex.
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Example 2.6 (OFTRL-Log-Barrier). Define the log-barrier regularizer over the prob-
ability simplex A4~! as follows:

— ) In(p(a)). (2.10)

a€ld)

Using this regularizer, and applying Lemma 2.8, the authors of [6] show that
the OFTRL algorithm admits the following guarantee for any p € relint(A41) :=

{p ERZLy : Y pla) = 1}:

Lemma 2.9. Let ¢' := arg n;ax n (3%, u®,g) — ¥(g) be the auxiliary sequence.
gc

Assume 7|u’ —m*(| 2009yt < 5 @A 7 [[m! || g2y 19yt < 5 forallt € [T]. Then for
any reward sequence ! ...u' > 0 and any p € relint(A¢"!), OFTRL with v defined
in (2.10) satisfies

T
¥(p) _
3 (o) < X S g = g 0~ g

Proof Sketch. Notice that Lemma 2.8 requires the decision set ) to have a non-
empty interior. However, the standard simplex over d actions has empty interior in
the ambient space RY, since it lies on a (d — 1)-dimensional hyperplane. To address
this, we restrict our attention to a (d — 1)-dimensional representation and convert
our learning problem to be on the domain as A° := {p € Rigl P aepa Pa) < 1}.
For notational convenience, we define p(d) := 1 —}_ ., ; p(a). The log-barrier
regularizer is then given by:

=— > In(p(a)) —In [ 1— Y p(a)

a€ld—1] a€ld—1]

To work in a (d—1)-dimensional space, we first transform the d-dimensional reward
vector into a (d — 1)-dimensional one. For each a € [d — 1], define @'(a) := u'(a) —
u'(d), and similarly, m‘(a) := m'(a) — m'(d). This transformation preserves the
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regret. Specifically, for any p, p' € int(A°), we have

> it(a) (pla) = pl(a)) = > u(a) (pla) — p'(a)) —u'(d) > (pla) - p'(a))

a€ld—1] a€ld—1] a€ld—1]

=) u(a) (pla) — p'(a)),

a€ld]

where the last equality uses the notation p(d) := 1 — > ., ;p(a), and similarly
for p’(d). Thus, the transformed reward vector yields the same regret expression
as the original.

Now, what remains is to show that the assumptions of Lemma 2.8 are sat-
isfied. Then, the lemma follows by invoking Lemma 2.8, and by showing that
la — mt||?v21;(pt))—1 < lu’ - mtn?vw(pt))—l and ||pt_pt71||2v2,¢~,(pt—1) = ||pt_pt71||2v2¢(pt71)'
The detailed proof can be found in Appendix A.1.6 O
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Chapter 3

High-Probability Upper Bounds for
Swap Regret

3.1 Introduction

In this chapter, we study the setting of unknown games with bandit feedback (referred
to as unknown-game bandits), closely related to the black-box game framework in-
troduced in [81]. A set of players [N] = {1,..., N}, each with a possibly distinct
action set A, repeatedly play an unknown general-sum game over 7" rounds. The
players have no knowledge of the game’s structure and cannot observe the actions
or rewards of others. In each round, player n selects an action a! € A, and re-
ceives a reward !, which depends on the joint action profile of all players. Note
that the only feedback available to each player is the reward associated with their
own selected action in each round. As a result, each player faces a non-stochastic
multi-armed bandit problem against other players’ actions.

The goal of each player is twofold: to accumulate as much reward as possible,
and to ensure that the empirical joint distribution of all players’ actions converges
to an e-correlated equilibrium (CE) [10] within 7" rounds. The correlated equilibrium
is a generalization of the well-known Nash equilibrium. Intuitively, an ¢-CE is a
distribution over joint actions such that no player can gain more than ¢ > 0 in
expected reward by unilaterally deviating from a recommended action, where the
expectation is taken with respect to the joint distribution.

The motivation comes from many practical network optimization problems,
such as wireless access control and end-to-end congestion control in computer net-
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works. In the problem of wireless medium access control, a set of devices need to
access a shared communication channel to send packets in each time slot without
collisions. In the case of end-to-end congestion control, each host has no informa-
tion about others and needs to choose a transmission rate or congestion window,
hoping to maximize its throughput without congesting the network. unknown-
game bandits can effectively encapsulate the dynamics due to competition and
information constraints in these network optimization problems, offering an op-
portunity to develop innovative algorithms from a game-theoretic learning per-
spective.

As each player has limited knowledge about the environment and can only learn
from the rewards of the played arm affected by others’ actions in each round, the
algorithm to address unknown-game bandits must be carefully designed to balance
the tradeoff between exploration and exploitation. The performance of an algo-
rithm is usually measured by regret. As we have introduced in Sec. 2.2.3, the most
oft-used definition of regret in the bandit literature is called external regret [20, 69],
which measures the performance loss of an algorithm against a set of competitors
always playing a fixed action. However, minimizing the external regret is insuffi-
cient for unknown-game bandits, as it does not guarantee convergence to an ¢-CE
(see discussions in Sec. 2.3). Thus, we study a stronger regret notion called swap re-
gret introduced by [12], comparing the performance of a learning algorithm against
a broader set of competitors. The swap regret uses swap functions F' that take the
arms played by an algorithm as input and output an arm to be compared. Notably,
external regret is a special case of swap regret when F' always maps to a fixed
action. Minimizing the swap regret not only ensures convergence to ¢-CE [44, 20],
but also provides robustness in more complex and interactive environments.

To ensure the empirical joint plays of all players converge to a set of correlated
equilibria, one has to give a more meaningful and stronger bound on the instan-
taneous swap regret (i.e., Definition 2.6) for any sequence of actions and rewards.
However, the previous studies on swap regret [12, 94, 58, 61] only bound pseudo-
regret or conditionally expected swap regret. In addition, the analysis of regret
bounds for single-player bandits may not be directly applicable to multi-player
games, because the reward or loss vector at each round is not determined at the
beginning of the round, but is realized only after all players have selected their
actions. As such, we are motivated to design a learning algorithm that can mini-
mize the instantaneous swap regret with high probability, with the regret analysis
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accounting for the joint randomness across all players.
The main contributions of this chapter are as follows.

« First, we present an online-mirror-descent (OMD)-based algorithmic frame-
work to address unknown-game bandits, which is based on the swap-regret-
minimizing framework proposed by [12], and the main idea is to call A,, OMD
algorithms with the Implicit eXploration (IX) technique [64, 85] as subrou-
tines. Then, the probability of selecting an arm is obtained by the Markov
steady-state distribution of the Markov process among A, subroutines, and
the reward is proportionally fed to the subroutines for updates.

* Then, based on the framework, we show two algorithms with theoretical
guarantees, LCE-IX and OMD-LCE-IX, which are based on negative Shannon
entropy and negative Tsallis entropy, respectively.

Note that the existing concentration inequality for the IX technique cannot
be simply applied to the analysis of swap regret. The main difficulties are
twofold. First, while the swap regret can only be represented as the aggregate
of external regrets of subroutine algorithms in expectation, this representation
does not hold for the instantaneous swap regret. Second, the reward of each
arm results from all players’ actions, which is not determined at the beginning
of each round as in the single-player bandit setting (see more discussions in
Sec. 3.3).

To address this problem, we prove a new concentration inequality between
the IX loss estimator and the swapped loss based on a refined martingale
analysis by treating the A,, subroutine algorithms as a whole.! Based on this
concentration inequality, we show that with probability at least 1 — ¢ for
o € (0,1), the instantaneous swap regrets of LCE-IX and OMD-LCE-IX are

bounded by O(A,,\/T'In(A,/J)) for each player n € [N].

 Furthermore, we prove that with high probability, OMD-LCE-IX can converge
to e-correlated equilibria for unknown general-sum games in a polynomial
number of rounds if the algorithm is played by all players.

1We use loss in analysis for convenience without loss of generality, as a reward-based algorithm
can be easily converted to a loss-based algorithm by the convention we mentioned at the end of
Sec. 2.2.1.
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* Moreover, we provide empirical validation through numerical experiments,
demonstrating that the unknown-game bandit framework can be applied to
practical scenarios such as wireless medium access control.

The remainder of this chapter is organized as follows. Sec. 3.2 reviews related
work on swap-regret minimization. Sec. 3.3 formally defines the problem setting.
The proposed algorithms are introduced in Sec. 3.4, followed by their theoretical
analysis in Sec. 3.5 and experimental evaluation in Sec. 3.6. Finally, Sec. 3.7
concludes the chapter.

3.2 Related Works

Multi-player bandits: Multi-player bandits consider a group of players partici-
pating in decision making, and aim to improve learning efficiency through collab-
orations. The works about multi-player bandits are mainly focused on improving
rewards by communication [16, 21, 65, 100], identifying the best arm to avoid
collision [15, 74, 47, 96, 59], and voting for playing arms [34]. All the above
bandit settings assume the arm set for each player is identical, and the reward for
a player does not depend on the actions of other players, or just follows a simple
collision model. Unknown-game bandits consider (possibly) varied arm sets for
different players and more general competitions among players.

Table 3.1: Swap-regret bounds in the bandit settings

Upper bound, Computational cost, Regret notion
\/T_A;”;), poly-time, pseudo-regret [12]
TA2 ln(An)>, exp-time, pseudo-regret [94]
\/T_A,%), poly-time, pseudo-regret [58]
TA21In(A,/d)), poly-time, conditionally expected regret [61]

@)
@)
O
@)
O (\/TA2In(A,/d)), poly-time, instantaneous regret (Theorem 3.4)
0

TA2In(A,/ 6))), poly-time, instantaneous regret (Theorem 3.5)

Learning in games: The history of learning in games can be traced back to the
fictitious play for the two-player zero-sum games [14, 91]. Nevertheless, such a
fictitious play requires that the decisions of opponents can be observed, and thus
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it cannot be applied to the unknown games where the players can only observe
their own outcomes (or rewards). To address the challenges of unknown games,
online learning has been introduced by many works for specific games such as
potential games [28, 26, 11, 76], and mean-field games [77, 101, 106]. However,
the above solutions for specific games depend on corresponding properties (e.g.,
potential functions for potential games), and thus cannot be easily extended to
the general-sum games. Thus, we focus on the learning in the unknown general-
sum games (i.e., black-box games [81]), which provides theoretical foundations
for learning in general-sum Markov games [73].

Regarding the unknown general-sum games, there are mainly two lines of re-
search depending on the observability of rewards. If the reward of an action can
be observed regardless of whether it is played or not, we call it the full-information
feedback [20], and if only the reward of a played action can be observed, then it
is the bandit feedback. Recent years have witnessed steady progress in learning
general-sum games under the full-information feedback [66, 88, 23, 31, 5, 39].
However, the results for the full-information feedback cannot be easily extended
to the bandit-feedback model, as less information is observed in each round. The
first work that addressed the unknown general-sum games with bandit feedback
is [9], where an exponential-weighting-based technique is proposed to minimize
the external regret. However, as shown in [20], only minimizing external regret
cannot converge to correlated equilibria.

The authors of [12] generalized the notion of external regret to swap regret,
and proposed a polynomial-time swap-regret-minimizing framework based on A,
external-regret-minimizing subalgorithms, where A, is the number of arms. They
proved that if the external regret of each subalgorithm can be represented by a
concave function r(7) (the dependency on A,, is ignored in (7)), the swap pseudo-
regret of their proposed algorithm is A, - (7). Since the minimax-optimal external
regret bound is 7(T") = O(v/TA,,) [2], the analysis of [12] gives a regret bound of
O(AWTA,).

Later, this bound was improved by a new algorithm [94] to O(A, /T In A,)) but
with an exponential computation complexity. Furthermore, the author of [58] im-
proved the upper bound for the swap regret to A,,-7(7'/ A,,) with a polynomial-time
algorithm by adding another layer of randomness to the original framework [12],
where in each round only one subroutine is selected according to the calculated
Markov steady distribution. The selected subroutine selects an arm, and the re-



34

ward will be entirely fed to this subroutine algorithm for updates. The modified
framework gives a regret of O(,/T'A2) for the minimax-optimal external-regret-
minimizing subalgorithms. It was also proved by [58] that the lower bound for
swap regret is  (v/TA,In4,), which is tight in the full-information feedback,
and it remains an open problem whether the lower bound is tight in the bandit
settings. However, all of the above swap regrets are in the form of pseudo-regret,
i.e., maxp E[R(T, F')], with the notations defined in Sec. 2.2.3.

The author of [61] proved a high-probability bound of O(A,/T'In(4,,/d)) for
the conditionally expected swap regret, i.e., maxy Zthl El | [Tat, F(at)] , where 4 p(at)
is the instantaneous regret in round ¢ with the swap function F'. This bound enables
control of the pseudo-regret through tail integration.

In this chapter, we present a swap-regret-minimizing algorithmic framework
based on online mirror descent. Using the negative entropy and Tsallis entropy as
the regularizer, our algorithm achieves a swap regret bound of O(A,,+/TIn(A,,/5)),
with probability at least 1 — 6. Table 3.1 summarizes the existing literature on
swap-regret bounds in bandit settings.

3.3 Problem Formulation

3.3.1 Unknown General-Sum Games with Bandit Feedback

We consider a general-sum game with multiple players making decisions over a
number of rounds. The game is unknown because each player has no prior knowl-
edge about the environment, such as the number of players, the reward of each
action, and the actions of other players. Each player needs to make their own
decision based solely on the feedback they received for their past played actions
(i.e., bandit feedback). Thus, each player is playing a multi-armed bandit problem
against other players, as the reward for each arm (i.e. action) is determined by the
actions of all players.

A simple example of such an unknown game with two players and two arms for
each player is shown in Fig. 3.1, where in the current round, player 1 plays arm a
and only observes a normalized reward of 0.8, and player 2 plays arm ¢ and only
observes a normalized reward of 0.2. Both players have no information about the
arm played by the other player, nor the rewards of the arms that are not played.

Formally, let [NV] := {1,..., N} be the set of all players and each player n € [N]
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Armc Arm d

Arm b

Figure 3.1: An example of unknown games with two players and two arms for each
player.

is associated with a finite set of arms (i.e., actions) .A,, with size A,, := | A,|, where
| - | is the cardinality function. The arm set for each player is not required to be
identical. Let A = ®_, A, be the space of all such arm sets, and A € A be
an action profile (i.e., a vector of all players’ actions). The reward for player n
playing arm a!, € A, in round ¢ is determined by function w,, : A — [0, 1], which
maps the actions of all players to player n’s rewards u,(al; a" ), where (a!;a’ ) is
an abbreviation of A’ := (a!,... dl,..., a}) with a highlight of player n’s action
a, against other players’ actions. Note that our algorithm and analyses also work
for a time-varying reward function «!. In addition, «! can be determined in either
an oblivious way or a non-oblivious (i.e., adaptive) way, corresponding to the
oblivious adversary or the non-oblivious adversary in the single-player bandits. In
an oblivious way, {u! };~¢ is chosen at the beginning of the game, while in a non-
oblivious way, each v/, is determined conditioned on all the players’ actions in the
past.

One of the main differences between multi-player bandits and single-player
bandits is the measurability of the rewards. If we are in the single-player bandits,
regardless of whether v/, is determined obliviously or non-obliviously, the reward
of each arm in each round ¢ is determined at the beginning of that round, before
the player plays an action. However, in the multi-player bandits, as the reward
of each arm for each player is conditioned on other players’ actions, the reward
of each arm in each round cannot be determined until all players have played an
action in that round.
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In each round ¢ = 1,...,7T, each player n € [N] selects an arm df, € A, by
sampling from a mixed strategy p!, € A(A,), where p! (a) denotes the probabil-
ity of choosing arm a € A,. Then, with a slight abuse of notation, each player
observes only her own instantaneous reward, defined as u! (a},) := wu,(d};a",),
which depends on her action and the joint actions of the other players. For ease
of algorithmic description and analysis, we also define the equivalent notion of in-
stantaneous loss by ¢y := 1 —u,(a;a" ), when context is clear for the loss incurred
by player n when playing action « at round ¢. Each player has access only to her
own realized loss or reward, without observing the actions or even the number of
the other players. The goal of each player is to maximize her cumulative reward
over the 7" rounds.

3.3.2 Problem Formulation

Since each player has limited knowledge of the environment, incurring regret is
inevitable. In what follows, we present the game-theoretic counterparts of the
regret notions introduced in Sec. 2.2.3.

The most basic regret notion is the external regret [20]. Let 1[af = a] be the
indicator function that returns 1 if « is the played arm in round ¢ and 0 otherwise.
The external regret R<*(T') for player n compares the cumulative reward of a learn-
ing algorithm with that of a set of competitors that always play a fixed arm up to
round 7', which is defined as follows:

T

T
RY(T) = max u,(a'; " ZZ al, = alu,(a;a’ ),
a’ n
(=1 acA,

However, only minimizing the external regret cannot guarantee that the plays of
players will reach an (e-)correlated equilibrium (CE) (see Definition 2.3).

To achieve this objective, we consider a more general notion of regret, called
swap regret [12], which generalize the external regret by a swap function £, : A, —
A, that takes a € A, as input and outputs o’ € A,,. Let F,, be the set of all possible
F,. Then, the instantaneous swap regret for player n with F,, up to round 7 is
defined as follows:

RS"™(T, F,) nggz > 1a un(F(a);al,) — un(a;al,)) . G.1)
t=1 ac A,
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We can boil down the swap regret to the external regret by restricting .F,, to be a
set of A,, functions such that foranya € 4, F, : A, — a.

Thus, by minimizing the swap regret of a learning algorithm for a general 7,
of any possible mappings I, we can

1. ensure that the algorithm maintains a bounded performance gap relative to
a broader class of competitors, and

2. guarantee that the empirical joint distribution of actions converges to an e-
CE.

More specifically, for objective (2), the empirical joint distribution
1 T
PT(A) = =) 1[A" = A],VA
()= 7 114 = Al vd € 4

converges to an ¢-CE if the swap regret is bounded with high probability. However,
existing results typically provide only pseudo-regret bounds, which are insufficient
to establish high-probability convergence of P7(A).

3.4 The Algorithmic Framework

3.4.1 Framework Setup

Our high-probability swap-regret-minimizing algorithmic framework is based on
the external-regret-to-swap-regret techniques introduced by [12], calling A,, OMD
algorithms introduced in Sec. 2.4.2 with implicit exploration techniques [64, 85]
as subroutines. Each subroutine maintains a meta-distribution, and the action se-
lection probability is calculated from the meta-distributions. The observed reward
or loss will be assigned proportionally to each subroutine to update the meta-
distributions.

For each player n, we define a meta-distribution ¢, € A(A,) for each arm

a € A, such that ¢, , € [0,1] and }_ ¢, = 1. Each meta-distribution ¢ is
a’'€Apn
updated by its corresponding OMD subroutine, and we use the same index a to

refer to the subroutine managing ¢’.
Let Q! be the A, x A,, matrix whose a-th row is (¢! ). The sampling distribution
Pt € A(A,) is then defined as the stationary distribution satisfying the fixed-point
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condition:

()" = ()" Q5 (3.2)
where pl, is a row vector of p! (a),Va € A, and > p'(a) = 1. Thatis, for each o’ €
A, we have p!, = > plq. ,, which is similaraf(?)4 the calculation of the stationary

distribution of a M;relﬁ(;v process with the transition matrix being Q’,. The intuition
behind (3.2) is to make the probability of playing arm «’ € A,, directly according to
p! equivalent to the probability of first sampling any arm a ~ p!, and then playing
a’ according to ¢'.

The suffix “IX” of OMD-LCE-IX stands for implicit exploration, which is jus-
tified by the ,-biased reward estimator defined as follows. Denote by Y/, :=
1[afl+a]/pflq;a,(1 — ul (a')) the loss of arm «’ observed by subroutine a. Let v; be a

non-negative and non-increasing parameter. We then define the 7;-biased esti-
mated loss for Y, as follows:

Yy o
Qoo+

A

to.
a,a’ -

This bias factor ~; is introduced in [64, 85], which is used to smooth the meta-
distributions so that the arms with high loss in the past can still be chosen occa-
sionally for exploration.

Next, we instantiate the above algorithmic framework with the negative en-
tropy and the negative Tsallis entropy as follows.

3.4.2 LCE-IX

The LCE-IX algorithm is presented in (3.1), where LCE stands for Learning for
Correlated Equilibrium. The algorithm invokes K, instances of the Exp3-IX al-
gorithm [64, 85] as subroutines. Each subroutine maintains a meta-distribution
over the action set A,,, and the overall action-selection probability is derived from
these meta-distributions. After observing the outcome, the reward (or loss) is al-
located proportionally to the relevant subroutines, which then update their meta-
distributions according to the following rule:
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it )
qt—i-l _ exp( "aa .
Y exp (—niz,a~>

a” G-An

(3.3)

Here, ﬁfm, = ﬁz,_al, +Y(f,a, denotes the estimated cumulative loss incurred by sub-
routine ¢« when simulating action ¢’ up to round ¢. In fact, the updating rule can be
derived by setting )(p) = > p(a)lnp(a)in the OMD algorithm (see Example 2.4).

aGAn

Algorithm 3.1 The LCE-IX algorithm

1: Input: n, A,,n, v

2: // Initialization

3: Setq,, = 4 and ﬁg,a, =0,Ya,d € A,

4: fort=1,...,7T do

// Compute the sample distribution, play arms, and observe rewards
Calculate p!, based on (3.2)

Play an arm af, ~ pf,

Observe reward X!

// Update each meta-distribution

10: forac A, do

© ® N7

1[a},=d'lp}d’
11: Yafa, = T‘(l —ul(d)),Vd € A,
N vyt

. t . a,a’
12: Ya,a’ = m,va/ - An

. o 7t—1 ot
13: Lyw = Loy +Y, 0, Vd €A,
14: Calculate ¢/ based on (3.3)
15 end for
16: end for

3.4.3 OMD-LCE-IX

Next, we show how to adapt the OMD with Tsallis entropy to the swap-regret-

minimizing framework, as shown in Alg. 3.2. For each player n, OMD-LCE-IX calls
1- 3 q)’

OMD with Tsallis entropy ¢,(q) := —~5*%;—— as each subroutine a € A, for any

g € (0,1) and distribution ¢ € A(A,). At the very beginning, each subroutine
calculates a meta-distribution ¢! according to

g = argmin ¢,(q).
qu(.An)
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Algorithm 3.2 The OMD-LCE-IX algorithm

1: Input: n, A,,n, v

2: // Initialization

3: Setq,, = 4 and ﬁg,a, =0,Va,d € A,

4: fort=1,...,7T do

// Compute the sample distribution, play arms and observe rewards
Calculate p!, based on (3.2)

Play an arm af, ~ pf,

Observe reward X!

// Update each meta-distribution

10: forac A, do

© ® N7

1 %: ! Z ‘ ’
11: Vi, = %(1 — X1).Vd € A,
~ Yt , ‘
12: Y, = q;,:/’iwva/ €A,
13: Calculate ¢'™! in the dual space according to
1 1 1-48 -,
AtINI—3 (ot \1-B + Yo
(qa,a’) (qa,a’) /6
14: Calculate ¢! by projecting ¢! back to the primal space according to
t+11 1-p = ~1t+11 1-8 + )‘Z
(qa,a’> (qa7a’)

15: end for
16: end for

By using the method of Lagrange multipliers, each entry ¢, ,, of ¢, can be solved
as qi,a’ = Ain. Then, OMD-LCE-IX first calculates P! based on (3.2) and constructs
a y,-biased loss estimator based on the played arm and its reward.

Then, as in (2.9) in Example 2.5, we can obtain a two-step process to obtain
¢“*! in the subsequent rounds for each subroutine:

@it = argmin 7 <q, YJ> + Dy, (¢.4,)

quom(%)
t+1 : ~t+1
=arg min D , ,
qe g min Dy, (¢,3.™)

where Y/ is the vector of }A/Cf’a, for all ' € A,.

The idea of the above two-step update rule is first to calculate a solution ¢:™!

in the dual space (i.e., the domain of the Tsallis entropy), and then project back to
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the primal space (i.e., A(A,)) by using the Bregman divergence. Notice that the
solution to the first step is the solution of the following equation:

NV o+ Vb (6571) — Vb (¢) = 0. (3.4)

Similarly, we can evaluate the second step explicitly, and the two-step update rule
becomes the solutions for the following two equations:

1 1 1-8

— ot
@ G s e
1 1
= 5 + AL,

(Gar)' ™7 (Gala)*

a,a’

where )\! is a constant from the method of Lagrange multipliers that makes ¢/ :=

a

{g.'y - va' € A,} a distribution, i.e,, Y ¢.'; =1, as shown in Lines 13 to 14 of
a’€An
Alg. 3.2. The possible values of v;, 5 and 7 can be found in Theorem 3.5, and the

value of \! can be computed efficiently by a binary search or Newton methods.

3.5 Analytical Results

3.5.1 Concentration Inequality

Notations. As the regret analysis is for any fixed individual player n € [N], without
confusion, we drop the subscript » in some notations for brevity when the context
is clear. For example, we will use 3’ := 1 — ! (a) to represent the loss suffered by
player n. Let G, denote the o-algebra generated by the history information of all
players up to round ¢, i.e., G; := o ({al, v}, ... al 7t }en).

We first state a novel concentration bound for the ~;-biased loss estimator,
which shows that the cumulative gap between the biased loss estimator Y(f,a, and
pt (a)y!, for each player n € N is bounded with a high probability. In the following,
we will slightly abuse the notation  with subscripts and superscripts to represent
arandom variable. In cases where no subscripts or superscripts are associated with

3, it refers to the parameter utilized in the OMD-LCE-IX algorithm.

Lemma 3.1. Let ¢ € (0,1) and let 3] ,, be any nonnegative and non-increasing (over
time ¢) G, ;-measurable random variables (i.e., given G, i, 5;@, is determined)
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satisfying (3, , < 2v, for all pairs a,a’ € A,. With probability at least 1 — 9, we
have the following inequality held:

T
Z Z Z ﬂ(i,a/ (Yat,a’ _p;&z(a)yfﬂ) S ln% . (35)

t=1 a€A, a’€A,

Proof Sketch. We only give a proof sketch here; the detailed proof can be found in
Appendix A.2.2. First, we construct a sequence of random variables {Z;};-,, where

t .
Zy = exp { >0 > Bia (Y;a/ - pjyj/)} for ¢t > 0 and Z, = 1, and then prove

s=lacAy, d’€A,
that {7, },>0 is a supermartingale with respect to filtration {G, }>o, i.e., E[Z;|G;_1] <

Z;_1. By the property of supermartingale, we have that E[Z;] < --- < E[Z] = 1.
Finally, the lemma follows the Markov inequality:

T
Pr (Z > 2 Bhr (Vi —phladuly) > 1n§>

t=1 acA, d' €A,

T
cee (e {305 5 s (v sti) > )
t=1 a€A, a’€A, 0

E[Z7]

<
=51

<.

]

The proof for Lemma 3.1 is refined beyond the IX concentration bounds studied
in [85]. The original approach used in [85] is for external regret. However, we
cannot simply adapt their concentration bound to analyze the instantaneous swap
regret for the following reasons. First, while the swap regret can only be repre-
sented as the aggregate of external regrets of subroutine algorithms in expectation,
this representation does not hold for the instantaneous swap regret. Second, in
the original concentration bound, the probability is taken with respect to only one
player’s randomness, which is unsuitable for the unknown-game bandits setting,
as the reward/loss for each player is dependent on all players’ actions. To address
the issue, Lemma 3.1 considers the A, subroutines as a whole, and proves a su-
permartingale between the sum of IX loss estimators for each meta-distribution
and the general swapped loss with respect to all players’ randomness. The follow-
ing lemma is a direct result of Lemma 3.1, which is essential for the swap-regret
analysis.
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Lemma 3.2. Let § € (0,1). Each of the following holds with probability at least
1—29:

S S S (Ve = o) <Inch (3.6

t=1 acA, d €A,

T
SO b (i~ phlalely) < - Iny), @3.7)

t=1 acA, a’cA,

and simultaneously for all F' € F,,

3 : A, A
2.2 (Ylf,m) —pi(a)y%(a)) < - In(=5). (3.8)

t=1 acA, T

Proof. (3.6) is obtained by invoking Lemma 3.1 with 3} , = v and 8., = 2v,
respectively. (3.7) is obtained by invoking Lemma 3.1 with 3! ,, :== y7(q! ,/)'~* for
all a,a’ € A,. (3.8) is obtained by invoking Lemma 3.1 with 3} ,, := y71[a' = F(a)]
for all a,d’ € A, and a union bound for all F' € F,. O

We also need the following lemma to bound the gap between E:‘Q Fla) = Pn(@)Yp
and L7 ) == 1[al, = alyl,, simultaneously for all F' € F,, with high probability:

Lemma 3.3. Let § € (0, 1). With probability at least 1 — ¢, the following inequality
holds simultaneously for all F' € F,,,

- A,
Z Z yF(a) 1[a} = a]yF(a)) 2T A, In 5 (3.9)
t=1 acA,

t t
Proof. Fix any I € Fy, let Sy(F) := > > pn(@)ypey — 2 > 1lay = dlyp, and
s=1lacA, s=1lacA,

So(F) = 0. Recall that E,,,_;[] := E,_; |- | a’,,], where o’ , is the actions played by
other players in round ¢. Then, we have that

Z pfz<a)y%(a) = En,t—l [Z l[a; = a]y%(a)] )

acAn, a€An

which indicates that S;(F’) is a martingale sequence, i.e., E,; 1[S;] = S;-1. For
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each ¢, notice that S;(F) — S;_1(F') is bounded as follows:

<1

- )

Z pZ(a)y%(a) - Z 1a;, = a]y%(a)

a€A, a€Ay,

which is due to the fact that ) p,(a)yp, < > phla) = 1, and > 1a;, =

CLG.ATL - aG.An G«G-An
Ay < ZA 1a} =a] = 1.
acAnp

Then, applying Azuma’s inequality (Lemma A.5), we have that for any fixed
FeF:

2
Pr(Sr(F) — So(F) > €) < exp {—;—T}
Let Ag”

= exp {—% }, and we have that

Pr( Sp(F) > /2T A, In 22 ) < pr ($p(F) > (/2rm 22" ) < 9
T n 5 = T 5 _A;?”

Since there are totally A% functions in F,,, taking the union bound for all F' € F

gives
Pr ﬂST(F)<1/2TA lnﬁ =1—-"Pr UST(F)>\/2TA lné
FeF FeF
>1-) Pr (ST(F)> \/2T A 1nﬁ>
- n 5
FeF
J
zl—ZAAn:1—5,
Fer ™™

3.5.2 Regret Bounds
Regret Bounds for LCE-IX

The regret defined in (3.1) for each player n € [N] playing the LCE-IX algorithm is
guaranteed by the following theorem.

In #4n

Theorem 3.4. Let § € (0,1). With probability at least 1 — 4, v, = £ = 3 7
the instantaneous swap regret for playing the LCE-IX algorithm over 7" rounds is
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bounded as follows:

RY(T, F,) §4An\/T In 4?" + \/QTAn In 4?” +2In <%) . (3.10)

Proof Sketch. The regret defined in (3.1) can be rewritten in the loss form and can

be decomposed as follows:

FeF
geAn , ac€An ,
—:( —(b
. Ty T (3.11)
+ Z(La,F(a) _LaF(a))+ Z(LaF(a) LaF(a))7
GEAn , 36-/477, ,
=(0) —(d)
T ) T R R T B
where Lg == > > Y ., Li =3 > ¢ Y. L Fla) = ZY;F(a)’ LZF(a) =
t=1a’€A, t=1a'€A, ’ ' o ’

B T
(@)Y 0y @and L] 1y = - 1[a}, = a]yl,. Then, the proof follows the follow-

r t t
Pn a
t:Z:l t=1
ing steps. In the following proof, we consider a fixed - over time.

T A

1. We bound (a) by > > v > Y., which is a straightforward result by

a€An t=1 €A,

the definition of SA/;,@,. Then, invoking (3.6) of Lemma 3.2, we have with
probability at least 1 — 2:

@<2> Y shiand+tn (1),

t=1 a’ E-An

T T .
2. We bound (b) by >~ > lan +n>> > > Y,, by arefined analysis lever-

t=1acA, t=1acA, a€Ay
aging Lemma 2.6. Then, invoking (3.6) of Lemma 3.2 again, we have with

probability at least 1 — 2:

(b)<m+ﬁiz 3 ta)yt, + L 1n 4
= 2 Pl@¥a 50 \5 )

77 t=1 aE.An (Z,GAn

3. (c¢) can be bounded directly by invoking (3.8) of Lemma 3.2, and we have
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that for all F' € F,, with probability at least 1 — &,

(0) < %m (4?").

4. (d) can be bounded by invoking Lemma 3.3, with probability at least 1 — 2,

the following inequality holds simultaneously for all F' € F,,

(d) < \/ 24,TIn (4?").

5. Finally, combining the three items with union bound and letting v = 7, we

have with probability at least 1 — §:

RM™NT, F,) < A, In 4, +nTA,+2In (%) + 24, In (4?”) +1/2TA, In %,
n n

4An
d
T *

and the theorem follows from letting 1 = \/ ™

Regret Bounds for OMD-LCE-IX

The regret defined in (3.1) for each player n € [N] playing the OMD-LCE-IX algo-
rithm is guaranteed by the following theorem.

Theorem 3.5. Let§ € (0, 1). With probability at least 16, v, = W,Vt € [T],
B =1, and n = |/42, the instantaneous swap regret for playing the OMD-LCE-IX

algorithm over 7" rounds is bounded as follows:

BT, Fr) <2454/ T'In (4?"> +2A4,VT +1n (%) + \/QANT In (4?")

(3.12)

Proof Sketch. The regret defined in (3.1) can be rewritten in the loss form as (3.11).
In the following proof, we consider a fixed ~ over time.
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T N
. We can bound (a) in the same way by >~ > v > Y/,. Invoking (3.6) in

a€An t=1 a’€A,
Lemma 3.2, we have that with probability 1 — %:

(a) <9TA, +1n (%) :

(Ap)t—8—-1

T
. To bound (b), we need to invoke Lemma 2.7, which gives > >° G

t=1 aEAn

+

T .
%t;aezA anA (¢})' " PY! . Now, summing over a € A, and invoking (3.7)
with g = 0.5, we have with probability 1 — g that

n Y

. (c¢) can be bounded directly by invoking (3.8) of Lemma 3.2, and we have
that for all F' € F,, with probability at least 1 — 2,

(©) < Min (4?") |

v

. (d) can be bounded by invoking Lemma 3.3, with probability at least 1 — g,
the following inequality holds simultaneously for all F' € F,,,

(d) < \/ 24,Tn <4?“>.

. Finally, combining the above terms with the union bound, we have with

probability at least 1 — §:

RE(T, F,) <o T Ay + 20 =20 oup /A, + (1 + 2—") In <%)
n v
An . 4A 4A
S n(=22) 4424, Tn | =2
et ()

where the theorem follows from letting v = / 1“(4/%"/ % and n =/ %.
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LCE-IX is easier to implement than OMD-LCE-IX, due to its closed-form up-
date rule, but OMD-LCE-IX has a practical performance as shown in Sec. 3.6.
Both LCE-IX and OMD-LCE-IX achieve a high-probability swap-regret bound of
O (AT (4) +1n (1))

As for tightness, the best known lower bound is Q(v/A,TIn A,) [58], which
is minimax-optimal in the full-information setting. However, it remains an open
question whether this lower bound also holds under bandit feedback.

Next, we present the convergence results toward correlated equilibrium. Since
the proofs are identical for both algorithms, we only state the result for OMD-LCE-
IX, which achieves a tighter swap-regret bound.

3.5.3 Convergence to Correlated Equilibrium

Bounding the instantaneous swap regret has a significant benefit — it allows us to
prove that the OMD-LCE-IX algorithm can converge to a set of correlated equilibria.

Theorem 3.6. If every player n € [N] plays the OMD-LCE-IX algorithm for T
rounds, then the empirical distribution of the joint actions played by all players P

4N An
is an e-CE with probability at least 1—§, where ¢ = O(mﬁ\)ﬁ Any/ MJ% In (4F)).
ne
When T' — oo, the empirical distribution of the joint actions converges to a set of

correlated equilibria almost surely.
Proof. The proof follows the following two steps:

1. We first prove the convergence to e-correlated equilibrium with high prob-
ability. The proof is straightforward based on Theorems 2.2 and 3.5 with
union bounds for all players.

2. The challenge part is to prove the convergence to the correlated equilibrium.
We need to use the Borel-Cantelli lemma to convert a high-probability event
to an infinitely often event [20].

Step 1. Let ¢’ > 0. By (3.12), with probability 1 — §’, we have R>"*(T, F,) <
O(A;1/TIn%4= +1n (4)) for player n. By using the union bound over all the N
players and letting &' = §/N, we have that with probability at least 1 — ¢ for all
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n € [N]:

T niNA. 4N
= t < swap (77 ) < An ) —1 i
. A %A T g un (Fn( — uy(al,at )] zréﬁ\)}(] TR" (T,F,) <0 7112{31\)7? T + T n 5 ,

where the last inequality is due to Theorem 3.5. Then, by Theorem 2.2, we have
with probability with at least 1 — §, the empirical joint distribution of actions P

AN A,
converge to the set of O (max A/ B 11n (%)) -correlated equilibria.

ne[N] T

Step 2. Denote by

Er o= {vn €[N max > PT(A) (un (Fulan)ia ) = un (4)) < O (maxAn g +%m(%)>},
ntAn—=An Ac A ne[N]

and we have that Pr(Er) > 1—6 = cfor some constant ¢ € (0,1). Thus, > Pr(Er) >
T=1

NgE

¢ = oo. Now, consider a sequence of independent runs with different time hori-

T=1

zons T' =1 — oo, and the second Borel-Cantelli Lemma states that if ) Pr(Er) =
T=1
oo, then Pr(limsup E7) = 1. That is, when 7" — oo, we have
T—o0

limsupmax 3 PT(A) (u, (F(ay); a_y) — uy, (A)) < lim sup O(m?x A/ +In () =0

T 5
T—oo 7NE[N] AcA T—o0 ne[N

almost surely, which indicates the empirical distribution of joint actions converges
to the set of correlated equilibria. N

1A, N
Solving the equation ¢ = O <m.{:1x} A, ln% + 71n (%)) for T implies that
ne[N
the empirical joint distribution P” for all players meets the definition of an ¢-CE
4N

In( 4N .
for the unknown games after 7" = () mg\:fc} A 1“(4:2‘”N L) n(j )) rounds, i.e., the
ne

e-CE is achieved.

3.5.4 Time and Space Complexity

In each round, each player needs first to calculate P! based on (4.2), which can be
regarded as the calculation of a stationary distribution for an ergodic (i.e., aperi-
odic and irreducible) Markov chain with A, states defined by Q?,. Such a station-
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ary distribution can be precisely computed in O(A?) time [40], and approximately
computed in almost linear time [27]. Then, updating each meta-distribution in-
volves finding \.. Using binary search, the efficient discovery of \! only takes
O(In(m)) time, where m is the precision of the number of digits. Thus, when
the precision is less than O(exp (A,,)), the time complexity of OMD-LCE-IX is still
O(A2?). Regarding the space complexity, it is O(A2).

3.6 Numerical Experiments

In this section, we compare OMD-LCE-IX with LCE-IX to show the effectiveness
of the OMD technique, and we further compare with LCE (i.e., v, = 0 in LCE-IX)
to show the effectiveness of the IX technique. We also compare with a recent
algorithm with the full-information feedback called BM-Opt-Hedge [23]. BM-Opt-
Hedge is basically the subroutine being the OFTRL algorithm with negative en-
tropy as the regularizer function. The results are the average of 100 independent
experiments.

We study a wireless medium access game between two wireless devices (i.e.,
two players), where the two wireless devices are hidden from each other (i.e.,
each device cannot observe the other), and trying to access one unknown chan-
nel in each round. Each device has two options in each round: wait for the next
round (W) or access in the current round (A). If a device chooses action W, it will
receive a reward of 0.

If a device chooses to access (A), the device has an energy cost of 0.2. When
only one device successfully accesses the medium, then this device will receive a
reward of 0.8. If both devices choose action A, then there is a collision, and the
rewards for both devices are —0.2 due to the wasted transmission energy. The
reward matrix (unknown to the players) is shown in Table 3.2.

We assume that all the devices do not adopt the RTS/CTS mechanism, an oft-
used technique to solve the hidden terminal problem, as it will introduce new
problems among its control messages [93] and the game model still applies to
the RTS/CTS message itself. Thus, it is quite challenging to improve the received
rewards (i.e., the successful access to the channel) for both devices in a distributed
way, as both wireless devices are hidden terminals to each other so that they cannot
observe the actions and rewards of each other and they do not know the total number
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of devices.

Table 3.2: The reward matrix for the medium access game

W A
W | (0,0) (0,0.8)
A | (0.8,0) (—0.2,—0.2)

As the swap regret is a generic performance measure, different swap functions
can lead to different regret definitions. In this experiment, we show two metrics
that reflect two different regret definitions. The first metric is the time-averaged
reward, the gap of which from the optimal actions in hindsight reflects the external
regret of an online learning algorithm. The other metric is the convergence to the
e-CE. Whether or not an ¢-CE can be reached reflects whether an online learning
algorithm can minimize its internal regret.

3.6.1 Time-Averaged Reward

We only show the time-averaged reward for all the considered algorithms, as it
contains the equivalent information about the cumulative regrets or rewards. For
example, if an algorithm has higher time-averaged rewards (or closer to the max-
imum rewards), then it also has higher cumulative rewards (or lower cumulative
regrets).

To compare with a benchmark, we consider an adaptive access technique (de-
noted by Ada) with the prior knowledge about the number of all the hidden devices,
which randomly accesses a channel with an initial probability 3 for two devices.
If a device fails, the access probability of that device is reduced by half; otherwise,
the device uses the initial probability in the next round. Ada in our experiments
can achieve better performance than the distributed coordination function of IEEE
802.11 used by current WiFi devices in real-world scenarios, as Ada in our ex-
periments can set an appropriate initial probability to achieve high throughput.
Therefore, Ada can be a good benchmark with partial prior knowledge to show the
effectiveness of the swap-regret-minimizing algorithms.

In addition, the maximum time-averaged reward (denoted by Opt) of 0.4 can
be achieved, by a mediator (e.g., wireless access point) with full prior knowledge
which either asks player 1 to play W and player 2 to play A, or asks player 1 to
play A and player 2 to play W in each round.
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The time-averaged rewards of both players in 1 x 10* rounds are shown in
Fig. 3.2. As we can see, LCE-IX outperforms both LCE and Ada(%) in terms of
the faster convergence to Opt. This shows the effectiveness of the ~;-biased esti-
mator in smoothing the reward estimation so that the low-reward arm can still
be explored occasionally. We can also see that OMD-LCE-IX converge faster than
LCE-IX, showing the effectiveness of the OMD technique. On the other hand, BM-
Opt-Hedge achieves the fastest result, but we note that BM-Opt-Hedge is with the
full-information feedback.

° B
[ ©
E [z f
Qo3 1 Qo3 ]
© N O A
(0] [0
gO 2+ 80 2
o o
> >
® ®
(0] v (0]
€01 1 Eo0.1 1
[ A LCE wLCEIX| ALCE LCEIX
OMD-LCE-IX <-Ada(}) OMD-LCE-IX <-Ada(})
0 | | BM-Opt-Hedge - Opt 0 | | BM-Opt-Hedge - Opt
0 2 4 6 8 10 0 2 4 6 8 10
t x10° t x10°
(a) Player 1 (b) Player 2

Figure 3.2: The time-averaged reward for both players.

3.6.2 Convergence to the c-Correlated Equilibrium

The convergence of empirical distribution of joint actions played by the two players
in T rounds is shown in Fig. 3.3b, where (W,W) means both players play action W,
(W,A) means player 1 plays W and player 2 plays A, and so on. We take the result
of LCE-IX to explain the convergence to the CE. The final results in Fig. 3.3a are
PT(W,W) = 0.0045, PT(W,A) = 0.4687, PT(A,W) = 0.4687, and PT(A,A) = 0.0581.
We can do a simple calculation to verify this empirical distribution is a CE (¢ =
0). For example, the expected incentives for player 1 to switch from W to A are
PT(W,W)-uy (A,W)+PT(W,A) -1y (A,A) — (P(W,W) -1y (W,W)+PT(W,A)-uy (W,A)) =
—0.0901 < 0, showing that player 1 does not have incentives to switch from W to
A when both players follow the joint distribution P”. In the same way, we can
verify the empirical joint distribution P” is a CE for both players.

Figs. 3.3b and 3.3c show that both OMD-LCE-IX and LCE-IX have a faster con-
vergence than LCE to a CE, as the empirical probabilities of the optimal action
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Figure 3.3: The empirical distribution of joint actions by two players in 7" rounds.

pairs of (A,W) and (W,A) increase faster than that of LCE. This again shows the
effectiveness of the ~;-biased estimator in controlling the variation of the reward
estimation.

On the other hand, with full-information feedback, BM-Opt-Hedge can achieve
a faster convergence rate than OMD-LCE-IX and LCE-IX. It remains to be explored
whether the techniques used in BM-Opt-Hedge can be adapted to the bandit-feedback
model to accelerate the convergence rate for swap regret.

3.7 Conclusion

In this chapter, we consider the unknown games with bandit feedback, and present
an algorithmic framework based on the swap-regret-minimizing techniques [12],
calling OMD algorithms with implicit exploration [85] as subroutines. With re-
gard to the randomness of all agents’ actions, we provided the high-probability
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bounds for the instantaneous swap regret, which further shows the convergence
to the correlated equilibrium. Furthermore, we conducted numerical experiments
to show the possible applications in wireless access control.

Regarding future work, we aim to close the gap between the upper and lower
bounds for swap regret. We conjecture the swap-regret bound of O(A,v/T) is
minimax optimal, and will refine the lower bound for swap regret in the bandit
settings.
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Chapter 4

Faster Convergence for Swap Regret

4.1 Introduction

In this chapter, we continue our study of the unknown-game bandit framework
introduced in the previous chapter [9, 12, 20, 58, 52]. This framework captures
the core challenges underlying many problems in computer and communication
networks, including congestion control [63, 89, 53] and heterogeneous network
selection [54, 86, 72]. In end-to-end congestion control, each (TCP) flow must de-
cide the sending rate to the network, treating the network as a black box. The only
available knowledge is the feedback (e.g., throughput, RTT, jitters, etc.) observed
from prior decisions. Similarly, in the heterogeneous wireless network selection
problem, each client must select a network to attach to and can only observe the
feedback (e.g., throughput, packet loss rate, etc.) from the attached network.

A commonality in these problems is that multiple agents independently make
uncoupled decisions, each striving to optimize its own objectives in competition
for limited resources. In end-to-end congestion control, if multiple agents send
more packets than the network can handle, congestion occurs, leading to packet
loss. Similarly, in heterogeneous network selection, if multiple devices attach to
the same network, the throughput for all those devices is adversely affected. The
term “uncoupled” indicates that each agent interacts independently with a black-
box environment, basing its strategy solely on feedback from its own actions. Due
to protocol constraints or privacy considerations, direct communication between
agents is restricted, necessitating independent optimization with limited informa-
tion.
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Formally, we consider unknown general-sum games, or black-box games as
studied in [81, 102], where a set of agents are playing an unknown general-sum
game repeated for 7" rounds. In each round, each agent selects an action and
observes the corresponding reward, where the reward is the expected value over
all possible actions of the other players as in [102]. The game is unknown, be-
cause each agent is unaware of the underlying game structure, the number of
other agents, or their actions. The only information available to each agent is
the observed reward for the played action.

The objective for each agent is to minimize swap regret [12]. Swap regret is a
stronger notion than external regret, as it compares against a broader class of com-
petitors that include those considered by external regret. Minimizing swap regret
offers two significant advantages. First, a no-swap-regret algorithm demonstrates
robustness against a wider range of competitors compared to a no-external-regret
algorithm, where no regret implies that time-averaged regret vanishes as time ap-
proaches infinity. Second, minimizing swap regret can lead to convergence to a set
of correlated equilibria (CE) [10], a concept more general than the well-known Nash
equilibrium. CE ensures that no agent finds it beneficial to unilaterally change their
strategy given their recommended action and the joint distribution of all agents’
actions, thereby achieving optimal overall performance for all agents.

In network applications, the slow convergence rate often poses a challenge
for learning algorithms. However, unknown-game bandits offer a potential solu-
tion with faster convergence rates. For these bandits, the sum of external regret
across all agents can scale with time as O(7'7) [102], when the reward observed
by player is an expectation over the actions of the other players, implying a bound
of O(T~1) on the sum of time-averaged external regret. In contrast, in scenar-
ios with full-information feedback (where rewards for unplayed actions are also
observable), the time-dependence of swap regret can be significantly reduced to
O(InT). However, for bandit feedback, the best-known swap-regret bound has a
time-dependence of O(T%) [61, 58, 52]. This raises a fundamental question: can
we achieve a faster convergence rate of swap regret for unknown-game bandits
with expected rewards over opponents’ actions?

Our work makes a significant contribution by narrowing the gap in the litera-
ture, achieving a O(7T'1) time-dependence for swap regret. This faster convergence
is realized through the adoption of OFTRL-LogBar-Bandit algorithms by all agents.
Our approach refines the BM-OFTRL-LogBar method from [6] to accommodate
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bandit feedback. This refinement is non-trivial; it involves careful design of the
reward estimator and prediction vectors to ensure the convergence of the OFTRL
algorithm while accelerating the convergence rate. Further details can be found
in Sections 4.4 and 4.5. Our algorithm builds upon the swap-regret-minimizing
framework proposed by [12], utilizing A, OFTRL subroutines with logarithmic
barrier regularizers, where A,, denotes the number of actions available to agent n.
Additionally, we demonstrate in Sec. 4.6 the efficacy of our approach in the con-
text of heterogeneous network selection with both numerical and simulation-based
experiments.

4.2 Related Works

Learning for Unknown Games: The pursuit of strategies for unknown games
traces its roots back to the fictitious play in two-player zero-sum games [14, 91],
which relies on knowledge of opponents’ past plays. However, the effective tack-
ling of challenges posed by unknown games only became feasible with the advent
of online learning techniques. This development uncovered an intrinsic connection
between game equilibria and strategies for regret minimization. Specifically, min-
imizing external regret can lead to Nash equilibria in two-player zero-sum games
and coarse correlated equilibria in multi-player general-sum games [20]. Further-
more, minimizing swap regret, a stronger notion than external regret, has been
shown to lead to correlated equilibria in multi-agent general-sum games [12, 90,
30].

When considering the observability of rewards, there are two classic feedback
models: full-information feedback and bandit feedback. While steady progress has
been made in learning general-sum games under the full-information model [66,
88, 23, 31, 5, 39], extending these results to bandit feedback poses challenges
due to the limited information available in each round. The earliest work on ban-
dit feedback dates back to [9], which introduced an exponential-weighting-based
technique for minimizing external regret.

To achieve the correlated equilibrium, the authors of [94] proposed an algo-
rithm but with an exponential computation complexity. Subsequently, the authors
of [12] introduced the stronger notion of swap regret and devised a framework

to efficiently transform external-regret-minimizing algorithms into swap-regret-
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minimizing ones with a polynomial computation complexity. Building on this
framework, subsequent research has aimed to improve the swap regret bounds
for bandit feedback [58, 61, 52], resulting in the recognition that the best swap
regret bound for bandit feedback now achieves a time-dependence of O(T'z).

Recently, more efficient conversion techniques with faster convergence rates
have been introduced for scenarios where a distribution over actions is played di-
rectly in each round, rather than sampling and playing a single action from the
distribution [30, 90]. In this chapter, we still focus on playing a single action
in each round. Although it is known that O(T%) is minimax-optimal in adversar-
ial environments, there has been progress, as discussed below, that faster regret
convergence is possible for learning agents in the unknown-game environment.

Faster Regret Convergence for Unknown Games: In this chapter, regret con-
vergence refers to the vanishing of time-averaged regret over time, which is dif-
ferent from the notions of last-iterate convergence [18, 17] and frequent-iterate
convergence [70] in literature.

While faster regret convergence for bandits remains an ongoing area of ex-
ploration, significant advancements have been made in understanding unknown
games with full-information feedback over the last decade. The seminal work by
[95] demonstrated that the sum of external regret for all agents can be bounded
by O(1), with individual external regret scaling as O(7'1). Building on this founda-
tion, the authors of [23] improved the individual external regret bound to O(T%)
for two-player games and extended these results to swap regret, achieving a time-
dependence of O(T'1).

Further progress was made by [31], who demonstrated that O(In7") depen-
dence for individual external regret is achievable in multi-player general-sum games.
Recently, the authors of [5, 6] achieved breakthroughs in the swap regret, showing
that a time-dependence of O(In7") can be attained.

However, all the above progress is for full-information feedback. Regard-
ing the bandit feedback, there is still a large gap in the literature. The only
results are from [102], where they proved that the sum of external regret for two-
player zero-sum games enjoys a time-dependence of O(T i). Neither the individual
external regret nor the swap regret is guaranteed. Thus, it remains an open ques-
tion in the literature whether the time-dependence of O(7'2) for sum of swap regret
over players can be further improved.

In this chapter, we take a step forward to this open question by showing a
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swap regret with time-dependence of O(T %) in a bandit setting where the observed
reward for the played action is the expected reward against all possible opponent
actions. Given that swap regret is a stronger measure than external regret and
is always non-negative, our results also guarantee that individual external regret
exhibits a time-dependence of O(T'7).

4.3 Problem Formulation

We consider general-sum games involving N agents, repeated over 7' rounds. Each
agent n € [N] := {1,..., N} has an action set A4, of finite size A,, := |4, | and a
reward function u, : A — [0,1], which maps joint actions of all agents A :=
Q| A, to values in the range [0, 1].

In each round ¢, each agent n € [N] plays an action «!, € A, according to a
mixed strategy p!, € A(A,) = {p € Rgg © D gea, Pla) = 1}, i.e., a probability
distribution among action set .A,,. Unlike in Chapter 3 where each player observes
an instantaneous reward (i.e., without expectation), here the agent observes the

expected reward for the played action, i.e., u,(a;,) := Eqt ¢ [un(ay;a’, )], where

pin[
a' ,, are the actions chosen by agents other than n, and p' , are their corresponding
mixed strategies.

Note that all agents operate in a black-box setting with bandit feedback, mean-
ing they have limited knowledge about the environment, such as the underlying
game structure, the number of agents, or the actions of other agents. The only
information available to them is the observed rewards for their own played ac-
tions in each round. Furthermore, the reward for each agent depends on the joint
actions of all agents in each round, creating a competitive environment. Such a
general game setting is applicable to numerous critical network problems, includ-
ing end-to-end congestion control and heterogeneous network selection.

In fact, each agent in unknown-game bandits faces a special multi-armed ban-
dit problem. In single-agent bandit problems, the primary objective is to design
a learning algorithm to minimize external regret, which is the performance gap
compared to competitors always playing a fixed action. However, in unknown-
game bandits, where multiple agents act adaptively to compete with each other,
minimizing external regret alone does not ensure optimal overall performance for
all agents. Instead, each agent n € [N] aims to compare with a broader class of
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competitors F, := {F : A, — A,}, which results in the following pseudo-regret
definition of swap regret:

RY™(T) = maxE | Y Y " 1[a), = a] (ul,(F(a)) — ul(a))| - (4.1)

FeF,
" t=1 acA,

We can reduce swap regret to external regret by restricting 7, to the subset { F,,, Va €
A, : A, — a}. Therefore, swap regret is a stricter notion than external regret, and
minimizing swap regret will also minimize external regret.

More importantly, if all agents employ a learning algorithm that can mini-
mize the swap regret, their expected empirical joint distribution of plays, i.e.,
E[+ LY aea 1[A" = A]] converges to the set of e-correlated equilibria (CE) [20,
12], where A" := (a!, ..., dl;) is the joint actions played by all agents in round ¢.
The notion of ¢-CE is defined in Definition 2.3.

Thus, swap regret is an important performance metric in unknown-game ban-
dits. It not only extends the concept of external regret, used as a performance
metric in standard bandits, but also guarantees convergence to ¢-CE. The primary
objective of this work is to achieve a faster convergence rate for swap regret, i.e.,
minimizing the dependence of R$"?(T") on T as much as possible.

4.4 The OFTRL-LogBar-Bandit Algorithm

The OFTRL-LogBar-Bandit algorithm is designed for independent execution by all
agents to achieve a faster convergence rate, as described in Alg. 4.1. It refines
the full-information optimistic follow-the-regularized leader algorithm BM-OFTRL-
LogBar [6], incorporating new prediction vectors and reward estimators tailored
for bandit feedback [64, 85].

The main idea of OFTRL-LogBar-Bandit is to use the swap-regret-minimizing
framework introduced by [12], calling A, optimistic follow-the-regularized-leader
algorithms with the log-barrier regularizer (see Example 2.6) as subroutines. Since
OFTRL-LogBar-Bandit runs independently for each agent, we will fix an agent n €
[N] and describe how OFTRL-LogBar-Bandit operates.

Each subroutine is indexed by a € A,, and maintains a meta-distribution ¢’ €
A(A,) by following the OFTRL framework with log-barrier regularizer. Then, let
Q! be a A, x A, stochastic matrix with each row being (¢%)". The action selection
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Algorithm 4.1 The OFTRL-LogBar-Bandit algorithm

1: Input: n, A,,n

2: // Initialization

3: Set q(d') = 4-,Va,d' € A,

4: fort=1,...,7T do

// Compute the sample distribution, play arms and observe rewards
Calculate p!, based on (4.2)

Play an action df, ~ p!,

Construct the estimated reward !, according to (4.4)

// Update each meta-distribution

10: forac A, do

© ® N7

11: Update ¢! according to (4.3)
12: end for
13: end for

probability p!, is then calculated from the meta-distributions as follows:

)" = () QL (4.2)

which is equivalent to calculating the stationary distribution of a Markov chain
described by Q.

Next, we give details on how each subroutine maintains ¢’. Denote by !, the
estimated reward vector observed by OFTRL-LogBar-Bandit for all actions in round
t, where the construction of 4! will be introduced later. Then, each subroutine
a € A, observes a portion of the estimated reward by p!,(a)u!, and calculates ¢, by
solving the following optimization problem:

t—1
¢, = argmax {77 <q,pfll(a)mf1 + Zpi(a)ﬁ;i> + Z ln(q(a/))} : (4.3)
s=1

g€relint A(Ay) a'€A,

where m! is the predictor vector to make FTRL “optimistic”. To see this, if one
were able to obtain @, in advance and let m/! := @, the best ¢’ can be found. Thus,
if one can construct m/, closer to !, better performance can be achieved.

In this work, we follow the convention in [102] to construct m!, as follows but

with a key challenge as discussed at the end of this section. Let 7;(a) := arg max{s :
s<t
1[a? = a|} denote the last round before ¢t when action a« was played. Then, let

n

mt (a) == uf'(a) for all a € A,, i.e., we set the predictor for each action « to be its

n

last observed reward. For analytical convenience, and without loss of generality,
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we set u,(a) = 0 and p(a) = 4 for all a € A,.

Since we consider bandit feedback, only the reward for the played action can be
observed. Therefore, we need to construct a reward estimator that, in expectation,
is equivalent to the reward received in the full-information setting:

n

(') = ut (@)1 [a, = o] )

A key distinction between our reward estimator and that used in [102] is that
each subroutine in our algorithm receives only a portion of @/ (a’). In [102], the
entire reward estimator is fed into the algorithm, allowing m!, in the algorithm to
be canceled out by its counterpart in the reward estimator, which simplifies regret
analysis. However, such cancellation does not occur in swap-regret analysis, where
an additional term (p! (a) — pt—!(a))m! introduces further analytical complexity.

4.5 Analytical Results for OFTRL-LogBar-Bandit

We begin by introducing the notations specific to our regret analysis. Denote by

|z]|g == \/ D owea, (q?g ,)) )2 the local norm of vector z € R*» with regard to the log-

barrier function with value ¢/, and by ||z, = \/ > wea, (r(a)gl(a’))? the dual

local norm. Furthermore, denote by F; the o-algebra formed by the history of all
agents’ plays and rewards up to the end of round t.

4.5.1 Regret Bounds

The following lemma is one of our key contributions that plays a crucial role in de-
riving a faster convergence rate for regret bounds, which bounds the gap between
the predictor m! compared with the estimated rewards @/, for all subroutines over
T rounds.

Lemma 4.1. For any n € [N]|, we have that
T
~ _ 2
SN (I @i, — gt a1,

T
ZHU — Uy, 1H1+2Z\|pn P -
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Proof Sketch. The proof follows two steps, and the details for each step can be
found in the Appendix A.3.2.

1. By applying Cauchy-Schwarz inequality and the definition of the dual local
norm, we first prove that for any ¢ € [T] and n € [N]:

Y P (@)l = gl @mb ]2 <2 ful(@) — mb(a)] 1[al, = d]

a€Ay a€Anp (45)
+2ph =i, -

2. The rest is to bound the first term when summed over T rounds. Recall the

mt (a) = ui(a) is the last-round reward for arm « before t. We can rewrite

n

it as a telescoping series and apply the triangle inequality to bound it:

>N |ul(a) — ml(a)| 1]al, = d]

t=1 ac A,
T t
<D D Ua=a ) |un(e) - w7 (o)
t=1 acAy, s=7¢(a)+1
T
=D > luh(@) —uy (a)l,
t=1 acA,

where the last equality is due to 1[a!, = o] and that 7(a) is the last time before
t when « is played.

]

The above lemma converts the gap between estimated rewards and predictors
for each subroutine into the gap between actual observed rewards and the differ-
ence between mixed strategies in two consecutive rounds. This helps derive the
following individual swap regret for each agent.

Theorem 4.2. Forn < %, the swap regret for each agent n € [N] is upper bounded

as follows.

2 T
R"™(T) < 2+E Mﬂlnz > ek = i,

N t=1 me[N]

1 d 1112
Sl L
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Proof Sketch. The proof follows the four steps. The details can be found in the
Appendix A.3.4.

1. We first convert the regret defined in (4.1) as follows:

R"(T) = max an i (F(a)) = (da, Ph(a)dy,)
aeAn

=:RT

a

Such a conversion requires the application of the tower ruleon . , ! (a)iy,
and the definition of p!, in (4.2).

2. Next, notice that R, can be bounded as follows:

T
R < max E —q', ENT.
« < max ; q— q.,pl(a)id,)

—RT ()
We want to leverage Lemma 2.9 to bound the RHS of the above equation.
However, Lemma 2.9 requires g € relint(A(A,)), while ¢ € A(A,) for R (q).
Thus, we need to find a surrogate point g, € relint(A(A,)) such that R (¢q) =
RT(G,) + some penalty terms.

Let q; = argmax E[R] ()], and ¢;(a') = 4-,Va' € A,. Now, we define ¢, =

qEA(An)
(1-4)q + ¢, and thus g, € relint(A(A,)). With ¢,, we have RI(g})
bounded by

E [RT(q})] =E (@5 = d5 pr(a)i,) | +E[Rg(da)]

N[ =

<E lgz — a2 llullph(@)inllo | +E [R5 (Ga)]

M-S 1M
N~

<E pr(a)| +E [Ry(G)],

N o

where the first inequality is due to Holder’s inequality, and the last inequality
isdue to ||¢: — ¢¢llx < |l¢tlli +11¢¢]l: < 2 and !, < 1, and the RHS of the above
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equation can be bounded by invoking Lemma 2.9 as follows:

94, InT r ) - 2
— +2n) Pk (a)il, — pl (a)ml, et
t=1

- (4.6)

1 « 2
gy 2ol |

t=1

E[R!(G.)] <E

While leveraging Lemma 2.9, our proof is non-trivial due to several analytical
challenges. First, our prediction vector m!, differs from those used in full-
information settings, necessitating a meticulous analysis to ensure that the
conditions for applying Lemma 2.9 still hold with this adapted vector for
bandit feedback. Second, Lemma 2.9 provides a standard analysis for OFTRL
with self-concordant functions; our primary challenge lies in bounding the
last two terms on the right-hand side of (4.6), as discussed in Lemmas 4.1
and A.7. These bounds require careful consideration, particularly since m!,
lacks an indicator function typically found in reward estimators.

3. The swap regret is bounded by summing over « € A,, using Lemma 4.1
to bound the second term on the RHS of the above inequality, and applying
Lemma A.7 (see Appendix A.3.3) to bound that 3/ >een, ldh— a7t Hi(tl—l >
. S |Iph, — pit||3. Then, we obtain

2(A,)*InT T
> RI<2+E %—i—élnz:Hufl—ufllHl

a€EAy, —
T . T 2
+4n; It = 25 = 151 ; ot — |

Theorem 4.2 follows by proving ||uj, —u;, '[l1 < 3=, cinpn [1P5 — Pl ', which
utilizes the facts that v/, is determined by all agents’ joint actions, and the
total distance between two product distributions is bounded by the sum of
the total variations of each marginal distribution [48].

O

We are now prepared to prove our main claim regarding the faster convergence
rate. Let Apay 1= max,cn A,. By summing the individual swap regret for all agents
n € [N], we arrive at the following corollary.
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Corollary 4.3. When 7 = L (InT/T)3N~3, we have

> RS(T) < 192N2 (Amax)*T3(InT) 7 + 2N

née([N]

Proof. Since n < —, invoking Theorem 4.2 gives

16’

> RM(T) < N 4 2 (Ama") In? +E |4 NZ > Ik = o,

ne(N] t=1 ne[N]
B o o
1024Amax77 eI =1 n n 1

Let 2!, := ||p!, — p'~!||,, and we obtain the following upper bound on the total swap
regret, which takes the form of a quadratic function

IN(Amax)? In T
> RIM(T) < 2N + Ana)"InT [409617° Amax N*T
ne[N] U
Ly S (2 — 20487 Amax N
n max
10247 Amax & 22
IN (Amax)? In T
<on ¢ 2NAma) I Ty 54 NoT
Ul

1

The corollary follows by substituting = 5 (In7T/T)i N ~2 into the above inequal-
ity. O

We have established that the upper bound of sum of the swap regret for all N
agents is O (N : (Amax)2T5> , where O(-) hides the logarithmic factors. This implies
that the time-averaged swap regret for all agents is O (N 3 (Amax)QTf) , indicating
that the swap regret decays at a rate of O(Tg). This is a significant improvement
over previous results for bandit [12, 58, 61, 52] which depend on O(+/T) for their
swap regret bounds, i.e., the time-averaged regret decays at a rate of O(T%). The in-
tuition behind the improvement lies in leveraging the fact that each agent employs
a swap-regret-minimizing algorithm. This behavior, being predictable through the
OFTRL framework, facilitates a convergence speed-up.

Since swap regret is always non-negative for each agent n € [N], Corollary 4.3
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also implies the individual swap regret decays at a rate of at least O(T%). Because
bounding swap regret also bounds external regret, this provides a stronger guaran-
tee than the results in [102]. While they demonstrated a faster convergence rate
for the sum of external regret, their results do not guarantee the same rate for the
individual external regret, as external regret for some agents can be negative [49].

Compared with the results for the full-information setting [6, 5], which demon-
strate a O(7T!) time-dependence for time-averaged swap regret, smaller than our
time-dependence of O(T‘%). Since we consider the expected reward over the op-
ponent’s mixed actions, it will be interesting to see whether the convergence rate
for the full bandit feedback can be improved.

4.5.2 Time and Space Complexity

The time and space complexities are similar to those in previous works [61, 52]
based on the swap-regret-minimizing framework [12]. Note that the optimization
problem in (4.3) is a linear optimization with self-concordant functions, which
has efficient solutions, making the primary computational complexity stem from
calculating the stationary distribution of the Markov chain with A, states. This
stationary distribution can be precisely computed in O(A?) time [40], and approx-
imately computed in almost linear time [27]. Regarding the space complexity, it is
O(A2?) because each subroutine process needs to maintain meta-distributions and
reward vectors for A, actions. With no communications between agents, there is
no communication overhead.

4.6 Experiments

Heterogeneous network selection is a typical application for unknown-game ban-
dits [86, 54]. In this context, each device acts as an agent in the unknown-game
bandit model, deciding which heterogeneous network—such as LTE, WiFi, and
5G—to attach to. Therefore, the action set for each agent consists of the available
heterogeneous networks, and the reward corresponds to the observed PHY rates
of the network to which the agent attaches.

In this section, we adopted experiment settings consistent with those in [54]
for both numerical and simulation experiments. Our aim is to compare our OFTPL-
based algorithm with two online learning algorithms—Lights and RLNF—studied
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in [86, 54], showing our faster regret convergence. Lights [54] is the adaptation of
LCE-IX (see Alg. 3.1) to the network selection problem. On the other hand, RLNF
is based on a regret minimization approach proposed in [45].

The experiment settings are described as follows.

« Setting 1 is a numerical experiment, focusing on a game between two clients
connecting to LTE and WiFi networks. The game is characterized by the
reward matrix defined in Table 4.1, which specifies the maximum throughput
in Mbps achievable for each client.

+ Setting 2 utilizes the Matlab Communications Toolbox™ Wireless Network
Simulation Library. This scenario involves 20 clients following a waypoint
mobility model within a square area measuring 150 meters by 150 meters.
Base stations equipped with the latest technologies, including IEEE 802.11be
WiFi and 5G, are strategically deployed throughout the area (refer to Fig. 2
in [54] for further details, which are used for comparison).

Table 4.1: The unnormalized reward matrix for Setting 1

Client 2
LTE WiFi
LTE | (17.5,17.5) (35,24)
WiFi (48,35) (16,16)

Client 1

4.6.1 Time-Averaged Throughput

The time-averaged throughput results for Setting 1 are shown in Fig. 4.1 for two
clients, while the simulation results for Setting 2 are shown in Fig. 4.2, where our
OFTRL-LogBar-Bandit algorithm is denoted as OFTRL.

Fig. 4.2a displays the mean time-averaged throughput across 20 clients, and
Fig. 4.2b presents the variability in time-averaged throughput among individual
clients using boxplots.

The plot for regret is omitted because time-averaged throughput effectively
conveys similar information. A smaller gap from the optimal actions in hindsight
(denoted as Opt) corresponds to lower regret incurred by an algorithm.

OFTRL-LogBar-Bandit demonstrates a faster convergence rate compared to other
algorithms in both settings, validating the consistency of our analytical results.
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Figure 4.2: The time-averaged throughput (Mbps) for Setting 2.

4.6.2 Convergence to Correlated Equilibrium

Fig. 4.3 demonstrates the convergence of empirical distributions of joint actions
for Lights and OFTRL-LogBar-Bandit in Setting 1, where (WiFi, LTE) is the optimal
solution when Client 1 attaches to WiFi and Client 2 attaches to LTE. It is evident
that both algorithms converge towards a CE, Notably, OFTRL-LogBar-Bandit ex-
hibits a faster convergence rate to the CE, benefiting from a swap regret that is
less dependent on the number of rounds 7.
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Figure 4.3: The empirical joint distribution over time in Setting 1.

4.7 Conclusion

In this chapter, we demonstrate that the OFTRL-LogBar-Bandit algorithm achieves
the time-averaged swap regret of O(73/%), i.e., a decay rate of O(T3/%) for the
time-averaged swap-regret, in unknown general-sum games.

Future work will explore whether swap regret with a time dependence compa-
rable to that of full-information feedback can be achieved.
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Chapter 5

End-to-End Congestion Control as
Learning for Unknown Games with
Bandit Feedback

5.1 Introduction

In this chapter, we apply the tools developed in the previous chapters to address the
problem of congestion control in computer networks. This problem has remained a
vibrant area of research due to the inherent complexity of coordinating distributed
flows under limited information. The end-to-end design philosophy of the modern
Internet delegates congestion control to end hosts, resulting in a strategic envi-
ronment where individual flows compete for shared network resources. Analyzing
such environments lies at the heart of algorithmic game theory, which provides a
principled framework for understanding the dynamics of network congestion and
evaluating the performance of congestion control mechanisms [89].

Although many game-theoretic works have been done for congestion control,
most of them are focused on analyzing the existing TCP congestion control algo-
rithms or router policies (e.g., drop-tail) [92, 3, 42, 41, 75, 24, 98, 25, 35, 78, 99].
Those works usually assume game models with all information available, e.g., the
number of flows, the strategies, and the router policies are known a priori. Such
game models work well when designing router policies, as a router has informa-
tion about incoming flows. However, when it comes to the design of end-to-end
congestion control algorithms, such game models fail to capture the reality where
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each flow has limited information about others and can only observe the outcome
for its chosen congestion window (cwnd) or sending rate (srate).

The very first game model for designing end-to-end congestion control algo-
rithms was proposed by Karp et al. [63] in FOCS 2000 where the authors formu-
lated the end-to-end congestion control as a repeated game between a flow and
an adversary. In each round of the game, the flow sends a cwnd of packets to the
network, and the adversary chooses available network bandwidth for the flow but
the flow cannot observe it. Then, by the end of the round, the flow will observe a
utility determined by the number of sent packets and the available network band-
width. Such a model is simple yet effective in capturing the interaction between
one flow and the network. However, available bandwidth is simply assumed to
be dynamically chosen by an adversary, while in reality, the dynamic of avail-
able bandwidth is a result of competition among multiple flows. Thus, the author
of [63] proposed several open problems, including finding equilibria in a more
realistic game model considering the competition among multiple flows, and de-
signing randomized algorithms to deal with the dynamic available bandwidth.

Over the past decades, the above open problems still remain unsolved. Al-
though many works in recent years adopt online learning techniques to design
end-to-end congestion control algorithms [71, 60, 36, 1, 105, 37], they are either
explicitly or implicitly based on the simple model proposed in [63]. The PCC-
Vivace [33] algorithm, on the other hand, implicitly formulates the end-to-end
congestion control as a concave game based on the theoretical results in [38]:
when minimizing the so-called external regret in concave games for each player,
all players will reach Nash equilibria. Albeit concave games capture some game-
theoretic essence of the end-to-end congestion control, the assumption about the
concave utility function is quite strong. In addition, external regret is a performance
metric measuring the maximum performance loss between an online learning al-
gorithm and a set of competitors always playing a fixed action, but even the best
fixed action may not be the optimal solution for the game. Thus, a more realistic
game model and learning algorithms are needed to address the open problems.

We take a step further for the open problems by formulating end-to-end con-
gestion control as learning for repeated unknown general-sum games with bandit
feedback. In each round of the unknown general-sum games, or equivalently,
black-box games [81], each flow needs to make decisions independently in a dis-
tributed manner with limited information. The limited information means that each
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flow may not know the number of all the flows in the same network, and each
flow cannot observe the information (e.g., the congestion window and packet loss)
about other flows, or communicate with other flows. The bandit feedback means
that each flow can only know its own utility (e.g., throughput) for its chosen cwnd
or srate. The objective of each flow is to accumulate as many utilities as possible,
and all the flows converge to equilibria. Instead of Nash equilibria, we consider
a generalization of Nash equilibrium called the correlated equilibrium [62]. The
correlated equilibria usually require a central controller to give recommendations
to the players involved in the game so that the system can achieve maximum ef-
ficiency. However, in the unknown games, we do not assume that each flow can
obtain any recommendations. Is there any strategy, if played by all the flows, can
achieve the correlated equilibria as if there were a central controller?

This problem is very challenging as flows are affecting each other, and each
flow with such limited information needs to trade off between exploring (i.e.,
probing) the reward for each cwnd (or srate) and exploiting the current knowledge
learned from the exploration to make the best decisions. Motivated by the swap
regret [12, 58], a generic performance measure for online learning algorithms,
we apply the OMD-LCE-IX algorithm proposed in Chapter 3 for each flow in the
unknown games with bandit feedback. OMD-LCE-IX is a no-swap-regret learning
algorithm, i.e., the time-averaged swap regret vanishes asymptotically over time.
The advantages of minimizing swap regret are twofold. First, a no-swap-regret
learning algorithm is robust to a larger set of competitors (see more discussions in
Sec. 5.3). Second, minimizing swap regret is a computationally-efficient way to
find a correlated equilibrium (see Theorem 2.2). OMD-LCE-IX is designed to be a
building block that can be used to design end-to-end congestion control algorithms
that address the unknown games and achieve correlated equilibria efficiently.

To sum up, the contributions of our work are as follows:

* We are the first in the literature to formulate the end-to-end congestion con-
trol as repeated unknown general-sum games with bandit feedback, which
takes a step further to address the open problems raised in [63] by capturing
more game-theoretic essence of the end-to-end congestion control in reality.

* We apply the polynomial-time algorithm OMD-LCE-IX proposed in Chapter 3
to address the unknown games, which has a cumulative swap regret upper
bounded by O(A, /T log(A,d~1)) with probability at least 1 — ¢ for any § €
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(0,1), where A,, is the number of actions for flow n and T is the total length
of the game. Furthermore, the OMD-LCE-IX algorithm can achieve an e-
correlated equilibrium in a polynomial number of rounds.

¢ Third, we implement OMD-LCE-IX through the Linux kernel 5.13.12 based on
the congestion control plane [80], a new API for writing congestion control
algorithms. We first perform TCP fairness-related experiments in Mininet
to compare with the TCP CUBIC and TCP BBR version 2. Then we perform
experiments driven by U.S. cellular network traces with Pantheon [107] with
an additional comparison to PCC-Vivace [33]. The experiment results show
that OMD-LCE-IX is TCP-friendly and competitive, and can adapt to dynamic
network environments.

The rest of the chapter is organized as follows. Sec. 5.2 reviews related works.
The problem settings are described in Sec. 5.3. We show the throughput and
fairness-related experiments in Sec. 5.5. Sec. 5.6 concludes the chapter.

5.2 Related Works

In this section, we first give a detailed review of the game-theoretic congestion con-
trol, and then briefly discuss recent progress in learning-based congestion control.
Furthermore, we will review equilibrium learning in game theory.

Game-theoretic Congestion Control: Game theory has been extensively stud-
ied in congestion control, and there are mainly two lines of research for game-
theoretic congestion control. One is focused on router-based congestion control,
which manages the incoming packets from different flows for a router, and the
other studies the end-to-end congestion control, which decides how many packets
to be sent at a time for each flow.

For router-based congestion control, the main goal is to analyze the existing
TCP congestion control algorithms with given router policies (e.g., drop-tail) or
design new router policies. The earliest work can be traced back to [79], which
gave game-theoretic implications of switching disciplines and their relevance to
congestion control. It was later followed by the works of [92, 3, 42, 41, 75, 24,
98, 25, 35], where the independent data flows are considered as selfish players in a
game, and the mechanism of the game is determined by the router policies. In such
games, both the router policies and the end-to-end congestion control algorithms
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(i.e., the strategies of players) are known a priori. Although the above works can
be effective in designing and analyzing router policies, they cannot provide an
end-to-end congestion control solution for data flows.

The other line of research studies the design and analysis of end-to-end con-
gestion control algorithms from a game-theoretic point of view. One of the ear-
liest works is [63], where the author modeled the congestion control problem as
a game between a flow and an adversary. In each round, a flow selects an ac-
tion (e.g., cwnd) and the adversary selects a bandwidth for triggering penalties if
congestion happens or there is wasted bandwidth. By the end of that paper, they
raised several open questions, including how to model a more realistic case where
the available bandwidth is a result of the competition among flows instead of being
chosen by the adversary, and whether equilibria exist in such scenarios. Such a
multi-flow game problem is challenging, as each flow has very limited information
about other flows in the end-to-end congestion control.

Later, in the work of [4], the author modeled the end-to-end congestion control
as a noncooperative game, and proved the existence and uniqueness of Nash equi-
librium with convexity assumptions for utility functions. They also design gradient
algorithms to achieve the Nash equilibrium. However, the gradient algorithm re-
quires knowledge about the total number of flows and the network capacity, which
is not practical in reality. To address this issue, the authors of [7] tried to model
the end-to-end congestion control as a Bayesian game. Although each flow does
not need to know the exact information about other flows, a prior belief about
others is still required.

Some theoretical progress has been made in the work of [33], where the authors
designed PCC-Vivace based on the theoretical work [38] for equilibrium learning
in concave games, i.e., the utility function for each flow is concave, where the
Nash equilibrium can be reached if each player plays an external-regret-minimizing
algorithm. However, it is not realistic to assume the utility for each flow must be
a concave function. On the other hand, unknown general-sum games can well
capture the game-theoretic nature of end-to-end congestion control, as there are
no unrealistic assumptions for either the flows or the utility functions.

To the best of our knowledge, the open problem proposed by [63] has still
remained unsolved. We take a step further by modeling the competition of multi-
ple flows as a repeated unknown general-sum game with bandit feedback for the
first time in the literature and proposing a swap-regret-minimizing algorithm to
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asymptotically achieve the correlated equilibria that are more general than the
well-known Nash equilibria.

Learning-based Congestion Control: Recent years have witnessed a line of
research on congestion control based on machine learning techniques. Remy [103]
and Indigo [107] are two representative works for offline-learning congestion con-
trol algorithms. Such algorithms have limited adaptivity to new situations in prac-
tice. Therefore, reinforcement learning (RL) techniques have been introduced to
congestion control to alleviate such problems, such as QTCP [71], Aurora [60],
Eagle [36], Orca [1], MOCC [105] and Pareto [37]. However, a certain amount
of offline training is often needed for the above RL models to guarantee an ef-
ficient and effective deployment. Lightweight online learning techniques do not
require a pre-trained model. The typical example is PCC-Vivace [33], which relies
on online (convex) optimization to update the sending rate. Although the above
works share some similarities to the equilibrium learning in our work, the common
limitation of the above learning-based algorithms is that they can only minimize
external regret, i.e., the maximum performance gap from the set of competitors
always playing a fixed action is bounded. There are no theoretical guarantees for
the convergence to correlated equilibria.

Equilibrium Learning: The study of unknown game models (or the black-box
games [81]) has a long history that can be traced back to the fictitious play for the
two-player zero-sum games [14, 91]. However, it was not until the start of this
century that much progress has been made with the development of online learn-
ing techniques [20], particularly for games with specific structures. For example,
the authors of [29] studied the congestion game with bandit feedback, where the
authors tried to minimize a Nash regret, which is the sum of the maximal exter-
nal regret among players in each round. A similar work of [13] studied a specific
congestion game, where each resource is equally shared among the players who
choose it. Nevertheless, end-to-end congestion control is not necessarily a con-
gestion game, as one may not find a potential function that is the essence of the
congestion game. The authors of [97] studied augmented games by utilizing com-
munications between players. However, such a methodology is not suitable for
unknown games, as the players in unknown games do not know each other and
will not communicate with each other. There are many other equilibrium learning
works for some specific games, e.g., potential games [28, 26, 11, 76], and mean-
field games [77, 101, 106]. As all their results require specific game structures,
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they cannot be applied to unknown general-sum games.

Regarding the learning for unknown general-sum games, there are mainly two
situations depending on the observability of feedback. If the utility of an action can
be observed regardless of whether it is played or not, we call it the full-information
feedback [88, 66, 23], and if only the utility of a played action can be observed,
then it is the bandit feedback. As in end-to-end congestion control, each flow can
only observe the feedback for its selected cwnd (or srate), we will focus on learning
for the bandit feedback.

The first work that addressed the unknown general-sum game problem with
bandit feedback is [9], where an exponential-weight technique is proposed to
minimize external regret. However, it is shown in [20] that the external-regret-
minimizing algorithm can only converge to the set of Nash equilibria for the two-
person zero-sum game. It was later proved in [38] that minimizing external regret
can converge to Nash equilibria for concave games. However, for end-to-end con-
gestion control, we cannot take for granted that the utility function is concave. As
we want to come up with a building block that can be adapted to any congestion
control algorithm, we are more interested in unknown general-sum games, and
the correlated equilibrium can only be achieved if the internal regret can be min-
imized asymptotically. Since minimizing the swap regret can also minimize both
the external and internal regret [12] and be more robust against a larger set of
competitors, we are motivated to address the unknown games for end-to-end con-
gestion control from the swap-regret viewpoint, which is different from the Nash
regret that is prevalent in the equilibrium-learning literature.

5.3 Model and Problem Formulation

5.3.1 Unknown General-Sum Game Model with Bandit Feed-
back

We consider a network of N flows competing for the same resource (e.g., band-
width) in the network, as shown in Fig. 5.1. The congestion happens when the
number of packets sent by all flows is beyond the network capacity, and the over-
flowed packets will be dropped according to a router policy (e.g., drop-tail). The
competitive interaction between multiple flows can be modeled by a repeated un-
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known general-sum game involving N flows with the following two justifications
that are also widely used in the related works [35, 3].

Flow

@\ Router Internet

Figure 5.1: A network model for the unknown general-sum games.

First, the length of each round of the repeated game is chosen appropriately
such that all the flows can finish one round of interaction in one round of the
game, i.e., send a cwnd of packets and receive ACKs for these packets. Second, we
assume the packet loss is only caused by the congestion, as the congestion control
scheme in the current TCP also assumes the packet loss is congestion-induced.

Therefore, we can formally define the repeated unknown general-sum game
with bandit feedback for end-to-end congestion control as follows. Denote by
[N] := {1,..., N} the set of all flows in the game, and each flow n € [N] is as-
sociated with a (possibly different) finite set of actions (i.e., cwnd or srate) W,, :=
{Wmin, - - - , Wmax }, Where wn,y is the maximum cwnd (or srate) of flow n. Let A, :=
|W,,| be the total number of actions for flow n. In an actual implementation, wp;,
and wpa, can be either determined by an initial probing phase, or determined by
the network physical-layer capabilities. The game is repeated for 7" rounds. In
eachroundt =1,...,T, each flow selects a cwnd (or srate) w!, € W,. By the end of
round ¢, each flow observes feedback information (e.g., packet loss and round-trip
time) and calculates utility «!, € [0, 1]. We only require that the calculated utility
should be normalized between 0 and 1, and do not give any specific form of the
utility function here because we want our solution to be general enough for any
utility functions, so that the solution to the unknown games can be acting as a
building block for other congestion control algorithms.

For any given network capacity and router policies, the utility for each flow n is
not only dependent on its own action w! but also determined by the actions of all
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other flows. Denote by W' := {w], : Vn € [N]} the action profile in round ¢. To em-
phasize the dependency of the utility on all the flows, we further write «}, as u,, (W)
or u,(wt,w, ), where (wl;w",) is an abbreviation of W' := (w!,... ,wl, ... wh)
with a highlight of flow n’s action w!, against other flows’ actions.

We do not directly model the flow importance (e.g., the QoS requirements)
in the game, as the importance of the flows is taken into consideration by router
policies. For example, one can design a router policy that drops fewer packets
for the flows with a higher QoS requirement. As the focus of this chapter is the
design of a solution for the unknown game with any router policies, our solution
still works even if the flows are of different importance.

Note that each flow is in a bandit feedback setting, i.e., neither the actions nor
the loss of other flows can be observed, and each flow n can only observe the
information, such as packet loss and round-trip time, to calculate its own utility
for the chosen cwnd (or srate). Also, neither the number of flows nor the router
policy is known a priori to each flow. The reason for considering such a limited
information setting is to make the model more realistic so that our algorithm is

more deployable to the end systems without modifying the intermediate nodes.

5.3.2 Problem Formulation

The goal of each flow in the unknown general-sum games with bandit feedback is
to accumulate as many utilities as possible without getting the network congested.
Network congestion results in packet loss and queuing delay, which further reduces
the utilities for each flow. Such a goal can be easily achieved if a router can act
as a central controller to allocate cwnd (or srate) for each flow by sending control
messages. For example, if all the N flows are of the same importance, i.e., all the NV
flows have the same QoS requirements, then the optimal srate for each flow is C/ N,
where C' is the network capacity. To accommodate more general situations where
the importance of flows can be different or time-varying, we use the notion of
e-correlated equilibrium to measure the optimality of a solution (see Definition 2.3).

Intuitively, let P be a joint distribution for all players’ actions, and the router
draws an action profile from P and privately recommends the srate to each flow.
For example, in the case of flows with equal importance, P(w, = £,Vn € [N]) =1
and the probabilities for drawing other profiles are equal to 0. As no flow will
gain more than e to choose a different srate, provided that other flows follow the
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router’s recommendation, such a P is an e-correlated equilibrium. Compared with
other forms of equilibria, correlated equilibrium considers the joint instead of the
marginal distribution of the action space and does not assume independence among
different action sets. Thus, correlated equilibrium is more general and useful.

However, the goal of each flow to accumulate maximum utilities becomes
more challenging when each flow in the unknown games makes decisions inde-
pendently. The problem of learning for unknown general-sum games is stated as
follows: When the only information revealed to each flow is the utility of its cho-
sen cwnd (or srate) in each round, is there any algorithm that can help each flow
accumulate more utilities and converge to the e-correlated equilibrium as if there
were a central controller?

Thanks to Theorems 2.2 and 3.6, if all agents employ a swap-regret-minimizing
algorithm, the system is guaranteed to converge to an e-correlated equilibrium.
Thus, our goal is to minimize the swap regret for each flow n, with respect to a
class of swap functions F,,, up to round T:

R(T, F,) = lrwnaxz Z 1[w!, = w] (un(F(w);w',) — up(wyw',)), (5.1

where w! denotes the action taken by player n at time t, and w’, represents the
joint actions of all other players at round t. This formulation captures the maxi-
mum regret incurred by not switching actions according to any swap function in
F-

Therefore, we will adapt the OMD-LCE-IX algorithm proposed in Chapter 3 to
address the end-to-end congestion control problem. Key notations for this section
are summarized in Table 5.1.

5.4 Adaptation of OMD-LCE-IX

In this section, we apply the framework of game-theoretic bandits to the end-to-
end congestion control problem, where each player corresponds to a data flow,
and the action set consists of possible congestion window sizes or sending rates.
We define a round for each flow as a round-trip time (RTT)—the duration required
to send a batch of packets and receive their acknowledgments.

Importantly, our formulation does not assume synchronized RTTs across flows.



81

Table 5.1: Summary of key notations

Notations Definition

N; [N] The number of flows; the set of all the flows
W, The action set for flow n
A, The number of actions for flow n

W, wt An action profile; an action profile in round ¢

un (W) The utility for flow n in round ¢ given action pro-

file W

t; T The round of time; the total number of rounds
wt The cwnd selected by flow n in round ¢
wt The cwnd selected by flows other than n in round

t

R(T, F,) The swap regret for flow n up to round 7’

Since each flow independently runs its own swap-regret-minimizing algorithm,
heterogeneous RTTs do not interfere with the regret minimization process. While
having uniform RTTs across players can facilitate faster convergence to correlated
equilibrium, differing RTTs do not hinder the algorithm’s ability to minimize the
performance gap relative to the best swap-based competitor.

Additionally, we assume that packet loss is solely due to congestion, mirroring
the assumption made by the congestion control mechanism (e.g., CUBIC) in current
TCP implementations, which attributes packet loss primarily to congestion.

Then, to adapt OMD-LCE-IX to the TCP congestion control setting, the key de-
sign choices lie in defining the action set and the reward function in a way that is
both theoretically principled and practically realizable within the TCP framework.

5.4.1 Action Set

The action set for each flow consists of a discrete set of permissible sending rates
or congestion window sizes. Inspired by Sprout [104], we discretize the feasible
range of congestion window values into a finite set IV, for each flow n, capturing
realistic constraints imposed by both the transport protocol and the underlying
network. Each action w € W, represents a candidate window size that the flow
may select during an RTT. The choice of discretization granularity involves a trade-
off between decision precision and computational overhead.

In practice, we employ a startup probing phase to initialize the sending rate.
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During the early stage of each connection (or recovery period), the sending rate
is increased exponentially, similar to the startup behavior of TCP and BBR. Rather
than relying solely on packet loss to terminate the probing phase, we monitor
whether the estimated throughput continues to grow. If the throughput fails to
increase beyond a predefined threshold for several consecutive measurements—or
a packet loss is observed—the startup phase terminates. At this point, we define
the action set 1V, by discretizing the interval between the current sending rate and
half of that rate. This adaptive construction of the action space captures the local
network condition while maintaining a compact and expressive decision set for
efficient online learning.

5.4.2 Reward Function

Each TCP flow can only observe limited local information, such as its own through-
put, RTT, and packet loss rate L!. Inspired by PCC-Vivace [33], we design the
reward function to balance throughput with delay and loss sensitivity. The reward
function for ¢-th RTT round is defined as:

u(w!) = wtRTT' — b-w! - (RTT' — RTT") —c-w! - L!,

where w! denotes the sending rate (or congestion window size) of flow n at time ¢,
RTT' is the measured RTT, and L! is the observed packet loss rate. The constants
b > 0 and ¢ > 0 are tunable parameters that penalize delay growth and packet loss,
respectively.

Intuitively, in the absence of queue buildup and packet loss, the number of
packets sent should closely match the sending rate w!RTT'. However, when the
sending rate exceeds the network’s available capacity, packets begin to queue,
leading to increased RTT. The term w’ (RTT' — RTT'"') approximates the growth
in the queueing delay, capturing congestion buildup. Similarly, w! L! estimates
the number of packets lost due to congestion.

This reward formulation encourages flows to increase throughput while penal-
izing rising latency and losses, aligning with real-world objectives for efficient and
stable network performance.

With the carefully designed action set and reward function, we are able to apply
the OMD-LCE-IX algorithm in a fully decentralized and feedback-driven manner
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to the congestion control problem. This integration enables each flow to inde-
pendently learn optimal sending behaviors over time, minimizing swap regret and
steering the overall system toward correlated equilibria with improved fairness
and efficiency.

5.5 Emulation Experiments

We have implemented the proposed OMD-LCE-IX algorithm through the Linux
Kernel 5.13.12 based on the congestion control plane [80], a new API for writ-
ing congestion control algorithms. In this section, we start with fairness-related
experiments in Mininet [68], where OMD-LCE-IX is compared with CUBIC [43]
and BBR version 2 [19] (BBR2 for short in the following). Then, we conduct
trace-driven experiments with Pantheon [107], an evaluation platform for con-
gestion control algorithms, with an additional comparison to PCC-Vivace [33].
We have released the source code for the experiments in https://github.com/
Zhiming-Huang/0OMD-LCE-IX.

(a) The Dumbbell Topology (b) The Parking Lot Topology

Figure 5.2: The experiment topology.

In the fairness-related experiments, two classic network topologies recommended
by the IETF TCP evaluation suite [46] are considered, i.e., the dumbbell and park-
ing lot topologies, as shown in Fig. 5.2. The bandwidth of all the links in both
topologies is 50 Mbps, and the delay of each link is shown in the figures. For both
topologies, the queue size on all the links between the two routers is 100 pack-
ets. In the dumbbell topology, there are two flows from h; to h3 and from h, to
hy, sharing the same link r;-r5. In the parking lot topology, there are three flows
from h; to hg, from hy to hs, and from hy to hs. We can see that the flow from
hi to hg competes with both the other two flows, while the other two flows are
independent of each other. In the experiments, we use iperf to generate a 30s test
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for the performance of the three congestion control algorithms. As iperf outputs
the averaged results (i.e., throughput and RTT) every 1s, the points at time 0s in
Figs. 5.3 to 5.5 are the averaged results in the initial interval from 0s to 1s, and
then we use the exponentially weighted moving average technique to smooth the
results in the following time.

In the trace-driven experiments, we use the US cellular network traces (i.e.,
T-Mobile and Verizon) recorded by the saturator tool [104] while driving. These
traces represent the time-varying capacity of the networks experienced by a mo-
bile user, so we can test the adaptability of congestion control algorithms in such
network environments.

5.5.1 Dumbbell Results

We first test the scenario where the two flows are homogeneous, i.e., both the flows
adopt the same congestion control algorithm. The throughput and RTT results for
the homogeneous flows are shown in Figs. 5.3a, 5.3b, 5.3f, and 5.3g. As observed,
when all flows implement OMD-LCE-IX, they tend to achieve a fair performance
(i.e., similar throughput). This is because OMD-LCE-IX ensures convergence to a
CE when adopted by all flows, simulating the effect of a central controller that
distributes bandwidth evenly among all participating flows. However, the other
two congestion control algorithms, i.e., CUBIC and BBR2, do not guarantee an
equal share of resources between the flows. This is due to the intrinsic property of
these algorithms (i.e., deterministic strategy) and the slight difference in flow start
times, although we made efforts to minimize this difference in the experiments
by using a script to control all nodes. On the other hand, we can observe that
OMD-LCE-IX performs better than BBR2 and CUBIC in the homogeneous setting
in terms of throughput, while having a higher RTT. This is because OMD-LCE-IX
does not explicitly incorporate queuing models like BBR2 does, and its randomized
action selection makes it less conservative in utilizing network buffers, leading to
increased queue lengths.

We also conduct experiments for the heterogeneous flow, i.e., the two flows
adopt different congestion control algorithms, as shown in Figs. 5.3c to 5.3e and
Figs. 5.3h to 5.3j. When BBR2 and OMD-LCE-IX compete with each other, BBR2
prevails at first, but their gap gradually decreases due to the benefits of learn-
ing. On the other hand, OMD-LCE-IX can achieve a similar throughput to CUBIC.
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Regarding RTT, we can observe in Fig. 5.3h that in the first few intervals, both
OMD-LCE-IX and BBR2 suffer a high RTT because they are competing with each
other to exhaust the network bandwidth. Overall, the RTTs for both algorithms are
decreasing over time, meaning that the network is getting less congested. There-
fore, OMD-LCE-IX is friendly to and competitive with other TCP flows.

5.5.2 Parking Lot Results

The results of the parking lot topology are shown in Figs. 5.4 and 5.5. Similar
to the dumbbell topology, we first test the homogeneous flows in the parking lot
topology, as shown in Figs. 5.4a to 5.4c and Figs. 5.5a to 5.5c. The flow from
hy to hg will suffer a loss if any one of the other two flows suffers, i.e., the flow
from h; to hg has a higher probability of suffering a loss and thus results in a lower
throughput than the other two flows. As we can see, when all three flows play
the same congestion control algorithm, OMD-LCE-IX always guarantees that the
performance gaps between flows are similar and not excessive. On the other hand,
CUBIC and BBR2 have a large performance gap between flows h; to hg and the
other two flows. This reflects OMD-LCE-IX’s ability to achieve a stable CE. Also,
CUBIC and BBR2 incur a higher RTT than OMD-LCE-IX, because CUBIC and BBR2
will increase the srate to probe for possible higher bandwidth, while OMD-LCE-IX
can maintain a low RTT.

Then, we perform three different heterogeneous flow settings in the parking lot
topology for a different 4-hop flow (i.e., flow h; to hs). In the first heterogeneous
flow setting, flow h; to hg adopts OMD-LCE-IX, flow hs; to h3 adopts CUBIC, and
flow h4 to hs adopts BBR2, and the results are shown in Figs. 5.4d and 5.5d. In
the second setting, the 4-hop flow h; to hg adopts CUBIC, flow hy to h3 adopts
BBR2 and flow h, to hs; adopts OMD-LCE-IX, as shown in Figs. 5.4e and 5.5e. In
the third setting, the 4-hop flow h; to hg would be BBR2, and the other two flows
adopt CUBIC and OMD-LCE-IX, respectively, as shown in Figs. 5.4f and 5.5f. We
can see that when the 4-hop flow adopts OMD-LCE-IX or CUBIC, it will concede the
link bandwidth to the other two flows, but OMD-LCE-IX still maintains a higher
throughput than CUBIC, as shown in Figs. 5.4d and 5.4e. However, when the 4-
hop flow adopts BBR2, it occupies a comparable link bandwidth with the other
two flows, as shown in Fig. 5.4f. Overall, from the above experiments, we can see
that OMD-LCE-IX is friendly but competitive to other flows, and maintains fairness
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in allocating the link bandwidth.

5.5.3 Trace-Driven Experiments

For each trace, we did ten independent runs of experiments, and the mean re-
sults for the trace-driven experiments produced by Pantheon are shown in Fig. 5.6.
Pantheon evaluates an algorithm based on two metrics, i.e., mean throughput and
95th-percentile one-way delay. In both LTE networks, CUBIC achieves the high-
est throughput, albeit at the cost of the highest delay. OMD-LCE-IX, on the other
hand, offers a throughput that is comparable to CUBIC but with a lower delay.
Conversely, BBR2 achieves the lowest delay but sacrifices the throughput, which
is lower than that of OMD-LCE-IX. Overall, we can see that OMD-LCE-IX can better
balance the tradeoff between the average throughput and delay in these two met-
rics for the T-Mobile network than the other three algorithms. Thus, OMD-LCE-IX
can guarantee good performance in a dynamic network environment.

5.6 Conclusion

In this chapter, we formulated the end-to-end congestion control as a repeated un-
known general-sum game with bandit feedback, and proposed the OMD-LCE-IX al-
gorithm with provable theoretical guarantees. Furthermore, we have implemented
OMD-LCE-IX through the Linux kernel and performed extensive experiments to
verify the performance of OMD-LCE-IX. For our future research, we would like to
develop more realistic game models where we relax the assumption that all flows
finish an interaction within one round, and study whether an equilibrium for such
game models exists and can be obtained by efficient learning algorithms. We are
also interested in using OMD-LCE-IX as a building block to improve the current
congestion control algorithms, such as BBR2.
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Figure 5.3: The experiment results for the dumbbell topology.
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Chapter 6
Conclusions

This dissertation has presented a comprehensive study of game-theoretic bandit
learning for distributed network optimization, focusing on the intersection of on-
line learning, equilibrium computation, and real-world system design. Motivated
by challenges in congestion control and other networked systems, we modeled de-
centralized decision-making as repeated games with bandit feedback, where agents
seek to optimize their individual performance while interacting strategically under
uncertainty.

Our contributions span both theory and practice. On the theoretical side, we
developed a new algorithmic framework that achieves high-probability swap re-
gret bounds under bandit feedback, enabling convergence to correlated equilibria
in decentralized multi-player settings. We further enhanced these results by incor-
porating optimistic updates, significantly accelerating convergence without com-
promising robustness. These advances deepen our understanding of how learning
dynamics can drive systems toward equilibrium in the absence of centralized con-
trol.

On the practical side, we applied these theoretical insights to TCP congestion
control, implementing our algorithms in the Linux kernel and demonstrating im-
proved throughput and fairness in trace-driven network emulations. This serves
as a concrete example of how abstract learning-theoretic models can inform and
enhance real-world protocol design.

Overall, this dissertation bridges the gap between theoretical guarantees and
system-level implementations, contributing to the broader effort of designing scal-
able, adaptive, and principled solutions for decentralized optimization in natural
and engineered networked systems. In such systems, stability, efficiency, and fair-
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ness are not imposed from above but arise through the adaptive behavior of in-
dividuals navigating strategic environments. The techniques developed here offer
one approach to making this emergence more predictable, robust, and efficient.

Several promising directions emerge from this work. First, extending the swap-
regret framework to more complex feedback models—such as delayed, structured,
or graph-based feedback—could significantly broaden its applicability in practical
settings. This is particularly relevant for congestion control, where feedback is
inherently delayed due to round-trip times.

Second, examining the tightness of existing high-probability regret bounds un-
der bandit feedback remains an important theoretical challenge, with potential
implications for both learning efficiency and equilibrium quality. Another natural
extension is to consider settings with infinite or continuous action spaces, which
frequently arise in real-world applications—for instance, the action set in conges-
tion control can be extremely large or even continuous.

Finally, a key systems-oriented direction is to more deeply integrate learning-
based protocols into production-level networking stacks. This opens the door to
self-optimizing infrastructure, where practical systems evolve through continual
adaptation driven by online learning algorithms.

As we look ahead, the need for such adaptive and principled designs is only
growing. In an increasingly connected world, where systems are large, complex,
and decentralized by nature, the ability to harness local learning to drive global
coordination is both a theoretical challenge and a practical imperative. This dis-
sertation takes a step in that direction—toward understanding, shaping, and engi-
neering systems where equilibrium is not dictated, but learned.
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Appendix A

Proof Details

A.1 Proofs for Chapter 2

A.1.1 Useful Facts
Definition A.1 (Fenchel Conjugate). For a function v : RY — [—o0, 0o, we define

the Fenchel conjugate 1* : RY — [—o0, oc] as

Y*(0) = sup (0,p) — ¥ (p)

pERA

The definition of Fenchel conjugate directly leads to Fenchel-Young’s inequal-
ity:
(0.p) < ¢*(0) + 9 (p). VO, p € R™. (A1)

The following example will be used in our analysis for the Fenchel conjugate of
quadratic norms.

Example A.1 (Fenchel Conjugate of Quadratic Norms). Let A € R be a positive
definite matrix, and we define the quadratic norm for any p € R? as ||p||4 := p" Ap.
The Fenchel conjugate of 1|p||% is thus:

1 1
(0,p) = p"Ap < S0TAT0 = S[I0]f% 1.
Furthermore, according to Fenchel-Young’s inequality in (A.1), we have that

1 1
(0,p) < 5116151 + 5lIpll%, V8, p € R, (A.2)



93

Next, we introduce two lemmas from [83]. The first lemma is adapted from
Theorem 4.1.6 of [83], showing that a Hessian stability property of self-concordant

functions:
Lemma A.1. Let ¢) be a self-concordant function. Then, for any p, p € dom(%)):

1

\V& <
Y0 2 T fllveeg)

> V2f(p), P — Pllv2ye) < 1. (A.3)

The second lemma from Theorem 4.1.7 of [83] shows that a self-concordant
function (see Definition 2.15) has a property that is similar in spirit to strongly
convexity:

Lemma A.2. Let ¢ be a self-concordant function. Then, for any p, p € dom(%)):

() = ¢(p) + (Vo) p—p) +w (15 — pllvevw) »
where w(s) := s —log(1 + s).

In addition, for any s € [0, 1], w(s) satisfies that

82

w(s) > I (A.4)

Another important inequality regarding the self-concordant function is given
by the following lemma from (2.20) and (2.21) of [82].

Lemma A.3. If ¢ is a self-concordant function with p* := argmin(p), then for
some p € dom(¢) such that ||V (p)|| w2y -1 < 3, we have

1P = P2 < 20IVEP) w2001
[P = P llv2y ) < 2IVEM) (w2001

A.1.2 Proof of Theorem 2.1

Proof. Let us denote the average payoff over 7' rounds as:

T

Vi = ; u(ah,ab) = p"Tug?.
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Because player 1 minimizes external regret, we have:

1
max —
acAy

[M] =

U (a, ag) <Vr+er,
=1

where e — 0. The left-hand side of the above inequality is equivalent to taking
expectations over ¢ :

max p'ug’ < pllugt +erp.
PEA(AL)
Similarly, for player 2:
AT ST AT
min uq > uq- — er.
JEA( AQ)P q=p q T

Combining both:

T AT T T 3 g aT . ATT
max uqg- —er < Mg® < min uq + €.
peA(Al)p q TSP q _qu(A2)P q T

Hence, the duality gap is at most 2¢; — 0. By the minimax theorem, the set of
Nash equilibria is characterized by:

maxminp' ug = minmaxp'ug = V*,
p q q p

and so any empirical pair (p?, ) converges to the set of saddle points, i.e., Nash
equilibria. O

A.1.3 Proof of Theorem 2.2

Proof. Recall the definition of the empirical distribution over joint actions as fol-

lows:

T
PT(A) = %Zl[At _ 4, AcA
t=1

Notice that, for any function f : A — R, we have

EprF(A)] = 3 PTAV(A) = 2 37 S04 = A7(4) = 23 7(4).

AeA AcA t=1 t=1



95

Then, for every player n € [N] and any function F,, : A, — A, applying the above
identity with w,(F,(A,), A_,) — u,(A,, A_,) gives

T
= ualFulal). ) — walal a )] < e,

t=1

E, pr [un(Fn(An)v A_p) = un(An, Afn)] =

where the inequality is by the assumption of Theorem 2.2.

Since the above inequality holds for every player n and every mapping F), :
A, — A,, it coincides with Definition 2.3, showing that PT is an ep-correlated
equilibrium.

Therefore, the sequence P lies in the set of er-correlated equilibria. If e — 0
as T — oo, every limit point of PT belongs to the set of correlated equilibria.
Equivalently, P” converges to the set of correlated equilibria as 7 — cc. O

A.1.4 Proof of Lemma 2.5

Proof. Since OMD update p'*' = argmin 7, (p,y") + By(p;p'), by the first-order
peQ
optimality condition in (2.3), we have that

(ny" + V™) = Vo@').p - p) > 0.
Then, with Lemma 2.3, we have the one-step relationship as follows.

(ny',p" —p) =(ny",p" = ") + (ny", p"*' —p)
=(ny",p" = ™) + (ny' + V(') = Vo '), p't — p)
— (VY (™) = Vo), p" - p)
<(ny',p" =) + (Vo) = Vo '),p — p"t)
=By(p;p') — By(p;p'™™") — By ('™ 0") + (ny', p" — p™)

<By(p;p') — By(p;p™) + max (ny',p' —p) — By(p;p').
pedom(v)

(A.5)

Let p'*! = argmax (ny',p' — p) — By(p; p'). Now, by the Fenchel-Young’s inequal-
pedom(z))
ity for quadratic norms in (A.2) and the tayler theorem such that B, (p'™;p") =

1

L' —p") TV (p! — p') for some Z* lies on the line between p'*! and p’, we
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have

. Lo, - 1,
(', p" =91 = Bu(p™p") = *Ilny lvzpey + 5P =7 vz = 510" = 5 v

= §||77y ”(Vzw(zt))*l

Then, summing over t = 1...,7T, and dividing both sides of (A.5), we have that

T 77 T
> o' -p) < 52 [
t=1 t=1

0
A.1.5 Proof of Lemma 2.8
Proof. The proof is divided into the following steps.
1. We can break the one-step regret as follows:
(p—pu)=(p—g' u')+{g" —p',m")+{g"—p' v —m'). (A.6)

In the first step, we will use induction to bound (a) in (A.6) for any ¢ € [T
and p € int(2) as follows.

d v(p) 1
D g+ (g —pm) < == = 25 wlllp' - g'llveuen)
t=1 . =1 (A.7)

1 _
==Y w(llp' = g MIveug),
n t=1

where w(s) := s — log(1 + s).
2. Then, by Holder’s inequality, we have (b) in (A.6) bounded as follows.
(9" = ut =m") <|lg" = p'[[wzpm v’ —m' || (v2pen)

In this step, we will further show that ||¢g" — p'||v2yt) < 2n||u’ —mt|| (v2y )1
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Hence, we will obtain that
<9t —phu' — mt> < 277Hut - th%VQ’dJ(pt))*l

3. The final step will give a lower bound to the last two terms in (A.7) as follows.
d 1
Zw(Hpt = g'llv2pim) + w(llp" = ¢ vepe) _62 Ip" — t_1||2V21/)(pt_1)‘
t=1

The proof follows by combining the three steps outlined above. We now provide
the details for each step.

Step 1: Prove (A.7). When 7" = 0, (A.7) holds trivially because (p) > 0,Vp €
int(Q2). Now, we assume (A.7) holds for T, and prove the case for 7'+ 1. Let p = g7,
and since (A.7) holds for T, we have that

(g =p'm") = (g"u') <= (g"u) + vg')

T
= =S (P = gllvom) + (P — g o)) -
t=1

Mq

—
3

t=1

~

zlb—

T+1

Now, adding the term (g”*! — pT ™! m”*1) — (¢7 uT*!) on both sides gives

T+1

Z<g s m Z +<gT+1_pT+17mT+1>
Ui

: t=1 (A.8)
1 —
_ <gT“,uT+1> _ EZ (w(Hpt — gtHv2¢(pt)) +w(|[p' — ¢’ 1”V2w(gf‘1))) :

t=1

Denote by U7 (g) := 17 <ZS LU ,g> ¥ (g). By the definition of g7 = argmax U7 (g)
g€int(§2)
and the first-order optimality, we have that VU7 (¢”) = 0. Invoking Lemma A.2

with —¥7 being the self-concordant function, we have that

=T (") + 9 (g") = w(llp"™ = g lve-wrgry) = w(llp" = 9" wzgery).
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This means that
T T
w gT w pT-‘rl 1
g', > ') - 2O 5 [, D)= P L1570 — g
t=1 N t=1 n N
Substitute the above inequality to (A.8) gives
T+1

> (gt —phim") = (g' u') §—< thay T+1+Zu>

t=1

TJrl)

T

1 .
(g m T =T - p > (wllip' = g'llvzsen) +wlllp' = 9" lIvzugn))
t=1

w([lp™" = " lv2u(em))-
(A.9)

On the other hand, denote by ®(p) := 1 {(m’ + 3_'_] u*,p) — ¥(p) be the objection

function for OFTRL. Since p”*! := argmax ®**'(p), we have V&' +!(pT*!) = 0 by
pEint ()
the first-order optimality condition. Invoking Lemma A.2 with —®7*! being the

self-concordant function, we have that
_(I)T+1(gT+l> 2 _CI)T+1(pT+1> + w<“pT+l - gT+1HV2¢(pT+1))7
which gives

- Y(p"™) T“)
pT—&—l’ mT+1 + Z ut Y — , > T 1 mT+1 + Z u
t=1

1
+ =

w(“pﬂl - QTHHv%(pTH))-

Then, substitute the above inequality into (A.8), and we have

T+1 T+1 T+1)

Z<gt_pt7m> <g u < <T+1 Zu> ;

= (A.10)
1 Tt

_‘Z (" = g'llv2uen)) + w(lIp" = g Hlv2ug-1))
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Now, because U7 (¢7t1) > ¥T+l(p) for any p € int(f2), adding <p, S ut> to
both sides of the above inequality, we have

T+1 ¢(p) 1T+1
D (p-ghu)+ (g —pm) < == = 25wy - g'llveen)
t=1 t=1

T+1

1 _
—=> w(llp' = ¢ Mvrpee ),
n t=1
which finishes the induction steps.

Step 2: Prove ||g' —p'||v2ypt) < 2n||u’ —mt||(v2yty)-1- By the definition of ' and
Ut we have that
U (p) = ®'(p) +n (p,u" —m').

Since V&' (p') = 0 by the first-order optimality and the definition of p, the above
relationship between @' and V' gives that

VU (p') = n(u’ —m').
Since ¢' = argmin(—V*), and
ti,t t(.t t t 1
VT )l w200 = IVE @) 02001 = 0llu” = mllw2pem-+ < 5
by assumption, invoking Lemma A.3 gives

19" = P'||v2uen = IIp" — arg min(—¥")|| 2y
< 2|V (p") || w20ty (A.11)

= 2nllu" — m'|| w2y ) -1-

Step 3: Lower bound last two terms in (A.7). We first use the inequality in
(A.4) to prove that

_ 1 _
w(llp' =g Iveum)+wlp' =g vrue1) 2 7 (I = g + 10 = 9 yign))
(A.12)

It suffices to show that ||p' — ¢'||v2yt) < 1 and |[p' — ¢" ! |lo2pe-1) < 1.
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By (A.11), we have that

(A.13)

»-lkIP—‘

10" = g le2pt) < 2nlu’ — mf||(w2ypt)-1 <

where the last inequality is due to the assumption that n||u’ — m'||(v2y)-1 < s
For term ||p' — ¢'!||v2y(st-1), We need to invoke Lemma A.3 again. Notice that
the relationship between ¥*(p) and ®(p) is as follows:

®'(p) = V' (p) +n(p,m'),

which implies
Vo' = VU 4 pm!.

Since ¢'~! minimize ¥'~!, we have VU’ ~!(¢'~!) = 0 by the first-order optimality.
Observe that

l\')l»—t

VO (g" ) lv2u(g-1y)-1 = [l || (v2p(ge-1)-1
by assumption. Thus, by Lemma A.3, we have

19" = g Hlvzpig-1) = 119" = ' llv2pe1)
< 2||V<I)t(gt_1)||(V2¢(gt71))71 (A.14)

= 277”th(v2,¢)(gt—1))—l S 17

where the last inequality is due to the assumption that n||m/||(g2ygt-1))-1 < 3.
Now, we have proven (A.12). The remaining step is to prove that

ZHpt —9t|’2v2¢(pt) + [Ip’ —9t71‘|2v2¢ -1y = 4Z||p — Py 1)

By (A.13) and our assumption, it follows that V2 (p'~!) < 2V%y (¢“~V). Thus, we

have

t

1" = 9" T2y ey < 208" = 9" T2er1)-

By the triangle inequality for norms, we further have

1 = M IZy -1y < 200" = ¢ 2y + 209" = 2 By
< A|]p' - gt_l”2v21j)(gt*1) +4|pt - gt_1”2v2w(pt*1)'
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Summing over t = 1,...,T gives the desired results:
1 T T
220" =P Ry < D19 = 0 Ry + 1P = 0 R
t=1 t=1
T

<D P = 9 gy + 12" = ' 1Z20)-
t=1

A.1.6 Proof of Lemma 2.9

Proof. We adapt the proof in [6] to the following steps.

Step 1: Reduce the problem. We convert our learning problem to the domain
as
A° = pGRSI: Z pla) <13,
a€ld—1]
and prove that two problems have the equal regret.

For notational convenience, define the final coordinate as p(d) := 1— > p(a),
a€ld—1]
so that the full d-dimensional distribution is implicitly specified. The log-barrier

regularizer is then given by:

d(p)=— > In(pa)-In|1- Y pla)

a€ld—1] a€ld—1]

To work in a (d — 1)-dimensional space, we first transform the d-dimensional
reward vector into a (d — 1)-dimensional one. For each a € [d — 1], define 4'(a) :=
u'(a) — u'(d), and similarly, m‘(a) := m'(a) — m'(d). This transformation preserves
the regret. Specifically, for any p, p’ € int(A°), we have

Y il(a) (p(a) = p'(a)) = ) u'(a) (pla) = p'(a)) —u'(d) D (p(a) - p'(a))

a€d—1] a€ld—1] a€ld—1]

= u'(a) (pla) = p'(a)) ,

a€ld]

where the last equality uses the notation p(d) := 1 — > ., ,;p(a), and similarly
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for p'(d). Thus, the transformed reward vector yields the same regret expression
as the original.

Now, invoking Lemma 2.8 (assumptions verified later in Step 4 for clarity of
exposition) on @', ..., a’ gives

T T
> (p-pu :Z (o -ty < U2 +2772||“ |2y
t=1 t=1
1 t t—1
—EE;HP -p ||V2’L/;(pt*1)'
t—

The lemma follows by showing |a' — 77~11t||?vzd;(pt))_1 < ut — mt||?v2¢(pt))_1 and

t t 1||

Hp VQw( ||pt - pt71‘|2v2¢(pt71).

Step 2: Prove ||p' — p'~!|?
We first show that ||p||?

as follows:

2 sy = I =9 [%y s+ Denote by =y — .

1) = 15|32 s(pi-1)- The Hessian of ¢ can be computed

1 1

1 T
L(1)2 " p1(d — 1)2) + p1(d)? 1,41, ;. (A.15)

V(o) = diag (-
p
The Hessian of ¢) can be computed as (A.15), and the Hessian of ¢ is

2, (11 : 1 1
Vo) = ding (L )

Then, by definition of local norms, we have

5(a)? Zae—lﬁ(a)Q o(a)?
Hp”vw -1y = Z pf—(l(zly + ( pt[il(]d)2 ) - Z pﬁ(l()a)? = [|Pllv2p(pt-1),

a€ld—1] a€(d]

where the second equality is due to j(d) = p'(d) —p"'(d) = 1= 4y P'(a) = 1+

D aciy P'H@) = =3 ey Bla).

~ ~ 1112 2 ~ ~ ~
Step 3: Prove [|i' — m'||(g2g,0)-1 < [[u' = m[[(g2ypey-1- Denote by @ := a* — !
and v := u' — m’. Because of our definition @'[a] = u'(a) — u'(d) and m'[a] =
mt(a) — m'(d) for any a € [d — 1], we have the relationship between (a) and u(a)
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for any a € [d — 1] as follows.
a(a) = u'(a) — m'(a) = u'(a) — m'(a) — (u'(d) — m'(d)) = u(a) —u(d). (A.16)

Now, we show that||a||? a1 = < ulf? (v2y(pt)) -1+ Since by Sherman-Morrison for-

mula (i.e.,, (D +all17)t = D! - [ijll%—;?lll), we have

("2

(V(p "))~ = diag(p'(1)%,....p' 7 (d = 1)) - e P

and
(V2p(p'™")) ™! = diag(p' ' (1)%,...,p" " (d)?).
Then, by the definition of local norms and (A.16)

S et P (@) —u(d)))
lilsespys = 3 (u(a)_u(d))zpf(a)z_( .y )

a€ld—1] Zae[d] p'(a)?
) oy (S @2(ue) — @)
L%; u(a) — u(d)) ((1) Zae[d] Pa)?

St P10 u(@) — u(d) e #(0)?)
= Z(“(d) - u(d))zpt(a)? _ ( [d] " )

aeld) Zae[d] p'(a)?
" <Zue[d] Pt(a)Zu(a))2
- Z —2u(a)u(d) + u(d) )p (a)* — —— + u(d) Z 2u(a)p' Z P
aeld) Zae[d] P'(a) ] !
Z (Zae[d] Pt(a)QU(G)) ’
a€ld) Zae[d] p'(a)?
B ) (Zae[d] p”(a,)z’u,(a))2 <Za€m ])t((z)z’zt(a)>2
= aez[d] u(a)*p'(a)” — 2 SR + @

S ? @@ (Secap'(@u(0))’
=> 1) — 2u(a) =T T |
2acin P(®) (Zae[d] p”(a)z)

S e (ufa) - TP @@’
_ZP( ) ( ( ) Zae[d]pt(a)z > .

a€ld]

a€(d]

Let ¢, = % and it is the minimizer of the quadratic function in the last
a€(d

equation. Therefore, we obtain that

~ 112
1l (@2gty-1 = lu = edlligayy-1 < llullgzygry-
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Step 4: Prove the assumptions of Lemma 2.8 are satisfied. We show below
that ¢ satisfies the assumptions of Lemma 2.8, i.e., a) V% (p) is positive definite;
b) 1 (p) > 0,¥p € int(A°) and c) V2 (p) = 2V2i)(p) for any p,j € int(A°) with

Ip = Bllw2g) < 3+
a) By (A.15), it is clear that V21 (p) is positive definite.
b) Since p € int(A®), we have In(p(a)) < 0,Va € [d—1]and 1 — > ., ,p(a) €
[0, 1], so that In (1 . p(a)) < 0. Thus, P(p) > 0,Vp € int(A°).

¢) Since [[p — pllg2gp) < 1, by invoking Lemma A.1, we have that

1 . 16_, - )
V2 —VQ 2v2 '
T TPl ” VW) < gV o) <2Vie()

V) (p) =
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A.2 Proofs for Chapter 3

As the proofs are for any fixed individual player n, without confusion, we drop the
subscript n in some notations for brevity. For example, we use the subscript n in
py(a) to denote agent n, while in ¢, ,,, the agent index n is implicit. In addition,
yt =1 — ul(a) is the loss suffered by player n in round ¢. Recall that G; is the
o-algebra generated by the history information of all players till round ¢, and let

E,[:] := E[-|G] be the expectation conditioned on the history information by the
N T N -
end of round t. Let L] := > > ¢\ Yius Ll p Z Ph(@)Yp, and Ly o,y =

t:l a’G.An

T
t=Z1 1[a;, = alyp(a)-

A.2.1 Useful Facts

Definition A.2 (Supermartingale). Let { X }:>( be a sequence of integrable random
variables adapted to a filtration {F; };>o. We say that { X} } is a supermartingale with
respect to {F;} if for all ¢t > 0,

E[X:+1 | Ft) < X; almost surely.

If {X,;};>0 is a supermartingale with respect to {¥;}, we have the following
inequality held:
E[X; 1] < E[X,].

Lemma A.4 (Markov Inequality). Let X be a non-negative random variable (i.e.,
X > 0 almost surely), and let ¢ > 0. Then,

E[X]

Pr(X > a) <
a

Lemma A.5 (Azuma-Hoeffding inequality for (super)martingales). If { X, } is a su-
permartingale with bounded differences (i.e., |X; — X; 1| < ¢), then with high
probability:

2
Pr[Xr — Xo > €] < exp (——) )
2 Zthl C?
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A.2.2 Proof of Lemma 3.1

Proof. By Markov inequality (Lemma A.4), we have that for any ¢ > 0:

Pr (i >N Bl (YJ@/ —pi(a)y2f> > 6)

t=1 acA, a’€A,

pe (e X 3 i (o hioni) o omi))

t=1 aEAn a’E.An

<E [eXp {ZT: YD Bl (?J,a/ —pfl(a)yif) }] exp{—e}.

t=1 acA, a’€A,

In the following, we will construct a supermartingale sequence to upper bound the
expectation term on the right-hand side (RHS) of (A.17). We first proving that the

t

process {Z;};>9, Where Z;, := exp {Z > > Baw <Y;a, —p;i(a)yj,)} fort > 0

s=la€A, d €A,
and 7, = 1, is a supermartingale with respect to filtration {G;}:>, for all a € A,,

i.e., E[Z;|G; 1] < Z, 1. Denote by o' , the actions of all players except player n in
round ¢, and denote by E,;_[-] := E,_; [ | ¢’ ,]. Then, we have that

Ei [exp { S B (Viu = phia)yl) H

a€A, a’€A,

exp{ Z Z ﬂé,a’yj,a’}

a€A, a’ €A,

exp{ D> ﬁé,a/p%(a)yif}
a€A, a’'eA,

€xp { Z E Bé,a’ }A/at,a’} (A18)
a€An d'€A,

- Et—l En,t—l

_exp{ 22 Bi,a/m(a)yg}

a€A, d €A,

En,t—l exp{ Z Z Z,a’YA;Lt,a’}:|

ac€Ay, d'€A,

exp{ > Bi,a/p%(a)yfu}

a€A, a’€A,

where the second equality is due to the law of total expectation, and the last in-
equality is due to that y, is determined given o', and j; , is G, ;-measurable.
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Then, we want to prove that

[p{z S s }

a€Ap a'€A,

<eXp{Z Z /Baa’pn ya’}‘

a€An a’'€A,

First, we can upper bound exp { > fl’a,f{f’a,} as follows.

a€A, d' €A,

exp{z 3 wf}

a€A, a’€A,
n [ fl = ,]q(tz a’yz’
= exp ﬁ )
{aGZ.A a; )(q a,a’ ‘i‘%)
n fb =a ]qa a’ya
exp ﬁ
al;[4n {aEZA )<q a,a’ r fyt)
Pn(@) @0 . 1at = aly,
H Z / exp aa ¢
@/ EAn aEAn (@) Qo0 TVt
n(a)d ALy 2vllat = ]yt
< H Z M exp a,a’ Tt [an =a ]ya’
e ALY 2% 4 + vllal, = 'y

_ H > Ph(a)gl o exp Bt 2vl[ay, = a1yl /q, o
pt(a’) 2y 1+ 1] Ny

afz =a ]ya’/qz,a’

<11 >~ a()ja)’a, exp {In(1 + 5, , 1, = a'lye/Ga.0) }

a’€Ay, a€A,
t t
pﬂ(a’)qG,,a/
o H Z t(al) <1+B§7a’1[at_a]ya/Qaa)
a’'€Ay a€EA Pn

where the first inequality is due to Jensen’s inequality and the fact that Va' € A,
> ph(a)gt , = pl(a’), the second inequality is due to that 0 < 1[a, = a']y, < 1,
aEAn

the third inequality is because ;= < In(1 + z) for all » > 0, and zIn(1 + y) <

In(1+azy) forally > —1 and = € [0, 1]. Then, taking the expectations on both sides,
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we have that:

ez

a€A, a’€A,
ph(a
S En,tfl H Z ﬁt ’1[ a/]yé//sz,a’)]
La’ €A, aEA, "
pn a
=E.a | [] (1+ Z ; ¢ o1la /]yg))]
a’E.A a€Ay, a
pn
B[4 X 3 O o
L a€A, a’eA, pn
Y Y M@ < e { D ﬂé,a/pﬁ(a)yif} |
a€EAy a’€Ay, a€A, a’€A,

where the second equality is due to the fact that 1[a!, = @] - 1[af, = a”] = 0 for any
two distinct o/, a” € A, and the last inequality is due to 1 + = < exp{z} for any
x € R. Therefore, we have shown that (A.18) is bounded by 1. Thus,

Ei1[Z] =Ei [eXP{Z Z 52(1’( aa’ pi@)ﬂé/)}

a€A, a €A,

Ly < 2y,

which shows that {Z,};>¢ is a supermartingale with respect to filtration {G;};>.
Thus, we have E [Zy| < E[Zy 4] < --- < E[Zy] = 1, and substituting this fact to
(A.17) gives

T
Pr (Z Z Z Bé,a’ (Yat,a’ - Yi)f,a’) > 6) <1 exp{—e}.

t=1 a€A, d’€A,

The lemma follows by letting exp{—¢} = § and solving ¢ for 0.



109

A.2.3 Proof of Theorem 3.4

Proof. By the relationship between p! and ¢, we have the following equation held:

SZEDID SDIRTHED PP P P =L LU

acA, acA, t=1 a’c A, t=1 a’€ A, a€EA,,
T T
t . n.t _ t t
E l[an =a ]ya’ - E § l[an - a’]ya'

=1 a' €A, =

t=1 acA,

(A.19)

t

Then, the regret defined in (3.1) can be rewritten in the loss form and can be
decomposed as follows:

T
R™(T, F,) }HE%XZ Z 1la Z ZA ]y%‘(a)

t=1 acA, t=1
T _
= ma
Per, Z La Z L“vF(“)
acA n G/EATL
= Il;réa}_): (LT — LT + Z (Ly — Lg,F(a)) (A.20)
(le-An aeAn

g g

=:(a) (b)
+ Z LaF(a L;{F )+ Z LaTF iZ:F(a)>7

aEAn aE»An
NS

J/ N J/

v a"'e

=:(c) =:(d)

where the second equality is due to (A.19), and in the third equality, we have

A T ~

Lo = Zlag Qo Vaar Lirw = Z wr(ap Lara) = an( W)Yoy AN Ly () =
T

z [af = a]yF( - In the following steps, we will give an upper bound to (a), (b),

() and (d) for any F € F,.

Step 1: Bound (a). By definition of L7 and L7, we have that

T T
- Z Z Y‘It,a' - Z Z qZ,a’YA;zt,a’

t=1 a’c A, t=1 a’€ A,

qaa
= 1a;nyf,af <1_qaa +7> Z% Z

t= = a’'€An,

(A.21)
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T N

Thus, (a) isbounded by >, >~ >~ Y/,. For simplicity, we will analyze a fixed
t=1 a€Apad'cA,

value ~,, which we refer to as + throughout the following analysis.

Invoking (3.6) of Lemma 3.2, we have with probability at least 1 — %:

9223 Y syl +In (5)

t=1 a’c A,

Step 2: Bound (b). By the definition of LT and L7 F(a)» We have that

T t T
= Z Z Zqé,a’}}oza’ - Z Z Y;,F(a)

t=1 acA, a t=1 ac A,

max Y — JdYE .
- (zqm e 3 o

a’€Apn a’'eAy

/

~
=Ra

Notice that R, can be directly bounded by Lemma 2.6

T
R, lrlA nzzqaa * SlnA gZZA

t=1 a’€ A,

where the last inequality is due to

t t t t
¢ Y =q .- —Ya’“' <Y'!, = p_"(a)qava’ya’. 1
a,a’ = a,a a,a q;a/ + Y — Ta,a p%<a,) >~ 1.

The last inequality in the above equation is because p;, (a') = > pl,(a)q, . Then,
CLE.An
summing over a € A, and invoking (3.6) of Lemma 3.2, we have with probability

at least 1 — &:

n t=1 acA, a’€ A,
A InA, d
S shiant+ 5t ()
n =1 acAn a'EA,
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Step 3: Bound (c). By using (3.8) of Lemma 3.2, we have (c) bounded simulta-
neously for all ¥ € F, with probability at least 1 — 4, (c) < 2= In (*5=).

Step 4: Bound (d). Invoking Lemma 3.3, with probability at least 1 — g, the

following inequality holds simultaneously for all F € F,, (d) < \/ 2A,T1n (452).

Step 5: Bound (a) + (b) + (c) + (d). Combining the above terms with union
bound, for all F' € F,, with probability at least 1 — §, we have

4A, / 44,
3 )+ QTAnlnT

T
rr ) < ()Y ST S sttt (142 ) (5) + 2

t=1 a€Ay, a’€An !

A0y, o (B) ¢ 2y (2 +\/m.,
0 0/ m o ’

i,
where the last equality is because we let v = 1. Then, let n = 4/ o +—, we have

+ \/QTAnl A4, n (%) .

RY\T, F,) < 4An\/

A.2.4 Proof of Theorem 3.5

Proof. By the relationship between p!, and ¢, we have the following equation held:

SED DI ITRED 9D IP WL S

aEA, a€A, t=1 ad’eA, t=1 a’€ A, aEA,

=>. > 1 y—zz aly,-

t=1 a’cA, =1 acA,

(A.22)

Then, the regret defined in (4.1) can be rewritten in the loss form and can be
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decomposed as follows:

T T
RN, F) =max > Aay, =aly, — Y, D Uay, = alyp
" t=1 ac A, t=1 acA,
_ T _
=max > Li— > Liwy
aeAn G/EATL
=max > (L — L)+ Y (L = Lipw) (A.23)
aEAn aEAn

where the second equality is due to (A.22), and in the third equality, we have

A T A A

Lo=2 4 Yo Vo Ll ZY Fap Lo = an( @)Yp(q and Ly ) =
T

S 1lat = a]y}(a). In the following steps, we will give an upper bound to (a), (b),
t=1

(c), and (d) for any F € F,.

Step 1: Bound (a). By definition of L7 and L7, we have that

T T
=D Vi =D dwViw

t=1 a/EAn t=1 a G-An

. t . Qo0
- - a/ezAnifa,a’ <1 qaa +7t> Z’Vt Z

t= = a’€Apn

(A.24)

T A~

Thus, (a) isbounded by > >~ >~ Y/,. Forsimplicity, we will analyze a fixed
t=1 acA,ad €A,

value ~,;, which we refer to as « throughout the following analysis.

Now, invoking (3.6) in Lemma 3.2, we have that with probability 1 — %:

a) < VZT: Y. > pula)yy +1In (%)

t=1 acA, d’'€A,

<ATA, +In (%) :
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Step 2: Bound (b). By the definition of L7 and [A/aT7 F(a)» We have that

T t T
(b> = Z Z ZQZ,Q'Y;@' - Z Z YaiF(a)

t=1 ac A, a' t=1 acA,
T
< max LY, — Qu(d)Y?
—= EA(AL) qa,a’ a,a’ ala a,a’ | *
acA, ¢ " t=1 \a’eAn a’'€Apn
R

Notice that R, can be directly bounded by Lemma 2.7

(AP -1 g ZT Z ¢ N2=B/{rt \2
Ra >N - ’ Y ’
< (1 _ 5)77 + 5 L (qa,a ) ( a,a )

T

(A)'P -1 ¢ N1—BYrt

< ———+ Z (Gg.ar) BYa,a/v
(- B 2

where the last inequality is due to
q(tl,a/Yat,a/ = qz,a’ - —_— <1

Then, summing over a € A, gives

where the second inequality is due to the fact qflya,f/;’a, < 1, and the last inequality
is due to we set 5 = 0.5.
Then, invoking (3.7), we have with probability 1 — % that

2An V An - 2An T 05 277 4
)< n +> Y Y () (a)yl + = In <5>

t=1 aEAn (1/ E.An

< 240y A = 24, —|—277T\/A_n—|—2—nln <é>,
" v

J
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where the second inequality is due to the Holder’s inequality:

ST (@) k@l =D pli(a) < > ((QZ,aI)O'E’)z) ( > 12)

t=1 a€A, a/EA, t=1 acA, @' EAn a'EAn
T
¢
= E pr(a)\/ A, =TV A,.
t=1 acA,

Step 3: Bound (c¢). By using (3.8) of Lemma 3.2, we have (c) bounded simulta-
neously for all ¥ € F, with probability at least 1 — 4, (c) < 2= In (*§=).

Step 4: Bound (d). Invoking Lemma 3.3, with probability at least 1 — %, the
following inequality holds simultaneously for all F' € F,,, (d) < \/ 2A,T1n (452).

Step 5: Bound (a) + (b) + (¢) + (d). With union bound and with probability
at least 1 — §, we have

2A,V A, —2A 2 4
RY(T, Fo) SATA, + — ; = 2T A, + (1 + 777) In (5)
A 4A 4A
—1 = 24,T1 = .
P2 foa, i ()

Now, let v = |/ 242/%) and 5y = , /42, we have that

R™(T, F) < Any | Tn (4?") +2A,VT — 2/A,T +1n (%) + 24,
+ A,«/Tln 44, +1/24,,T1n 44,
) )
<2A4,4/TIn (4?") +24,VT +In (%) + \/2AnT1n (4?")
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A.3 Proofs for Chapter 4

A.3.1 Useful Facts

Definition A.3 (Directed Tree). A directed graph 7, = (V. E) is a directed tree
rooted at node « if it satisfies the following conditions:

1. it contains no (directed) cycles,
2. every node in V' \ a has exactly one outgoing edge,
3. the root node a does not have any outgoing edges.

Then, let T, denote the set of all 7,, and we are ready to state the Markov chain
tree theorem as follows.

Theorem A.6 (Markov Chain Tree Theorem [8]). Let p € A™ be a stationary
distribution for an ergodic (i.e., aperiodic and irreducible) Markov chain with the
transition matrix described by @), which can be calculated as follows:

pla) = =2 (A.25)
where Ea = ZTETa H(u,v)eE(T) Q(u7 U)J and Z = Za Ea'

A.3.2 Proof of Lemma 4.1
Proof. The proof follows the two steps below.

1. We claim that for any ¢ € [T:

2

t
*,dq

> k@i, = (a)m,

aEAn

<2 |up(a) —mj(a)] a;, = a] + 2||p;, —pi "], -

aEAn

(A.26)

2. Next, we complete the proof by demonstrating that when summed over ¢ €
[T], we have

T
> D fun@) —mi(@)| el = a] = Y Jfuy, — ui .
t=1
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Step 1. Now, we prove our claim in Step 1 as follows. Recall that

|2llege =, [ Y (x(a)gi(a))?

a’ €Ay
Then, we have
~ _ 2

It (@), = pi (@)ml |1
=3 (@(@))? (ph(a)it, — ph(a)m!, + pty(a)m!, — pi (a)m},)?

et ) N (A27)
<2 3" (@) (B (@), = phl@ymy)* + (h(a)ml, = ot (@)mh)?)

a’'eAn

=2l (a)it, — pl(a)mb][7 . + 2]k (a)ml, — p (@)mb][7 .
where the inequality is due to the Cauchy-Schwarz inequality.
Summing over a € A,, the first term on the RHS of (A.27) can be further
bounded as follows.

2 3" [lpk )i, — ply(a)ml |
acA,
_ e (Pl@)(h(@) —mi @)\
SEPIPICTE (Zeletl) Zml)) g — o)
<2y Y P ) et = of
a€A, a’€A, Pn (CL )
=2 )" Jul(d)) — mi(a)1]d], = o,
a' €Ay

where the first inequality is due to 1%‘15,()“') < 1land |u (a") —m! (a’)| < 1. The last

equality is due to the definition of p, such that p},(a’') = >, 4 1} (a)gl(a’).
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Regarding the second term on the RHS of (A.27), we have that

23" ||ph(aymt, — pl (@)md |2

*,q%,
acAn
_ 2

=2 > (dh(a)* (Ph(a)yml(a) — plyH(a)ml,(a"))

a€A, a’'c€A,
<2) 0 > d(d)ph(a) - pl ()]

a€A, a’eA,
= 2[lp}, — i s

where the inequality is due to that m/ (a’) < 1 and ¢’ (¢’) < 1 for all ¢’ € A, and
the last equality is due to that ), , ¢.(d) =

Step 2. Then, Step 2 is obtained by summing over ¢ € [T as follows.

YD lunl@) —mi(a) Z > luh(a) = u(a)| 1a;, = o]

t=1 acA, t=1 acA,
T t T
<> D> =al D Jupla) —uMa)] = Y0 fuh(a) = ul(a)].
acA, t=1 s=7¢(a)+1 acA, t=1

A.3.3 Proof of Lemma A.7

Lemma A.7. When n < =, we have that

160
d 2 1 2

A W D D s L | M
;;ﬂll Iz 6@%2” I
Before we prove Lemma A.7, we need the following lemma.

Lemma A.8 (Multiplicative Stability for Bandits). For < 1—16, |ul |l < 1 and

|pt 1 (a)m! ||l < 1for allt € [T] and a € A,, we have that with the log-barrier

regularizer:
> gk =gt Ml <
ac€Ayp

l\')l»—t
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Proof of Lemma A.8. By the triangle inequality, we have

> oldh = a M g < >0 k= g e+ D gk = g e

aE.An aEAn ae-An

Then, we need to show that both terms on the RHS of the above inequality are
no larger than 1 to prove the lemma. Let ¥ (g) := 1 (3°!_, p3(a)@s, g) — ¥(g), and

denote by ¢! := argmax U'(g) the maximizer of Ut (g). S1m11ar1y, let (I)fl( ) =
gErelmt(A(An))

n{pt(a)ml, + Zs 1 pi(a)is, q) — ¥(q), and denote by ¢, := argmax ®/(q) be
gerelint(A(Ar))

the maximizer of ¢! (q).

Step 1: Bound )
Notice that

wea, 16b—gi "l 41 We can apply the same reasoning as in (A.14).

Pl (g) = Vi g) +npl (a)ml, g),

which implies
Vo, = VI +ap, (a)m;

n*

Since g!~! minimizes ¥!~!, we have V¥!~!(4:~!) = 0 by the first-order optimality.
Thus, we have

t

[V (95|, o = llph* (@)ms,

1
27

IN

4 <
*7931_77

where the first inequality is due to g/~! € relint(A(A,)), p ' (a) < 1 and m! < 1.

t
n

Therefore, we can invoke Lemma A.3 to have

o lldh =g = llge ' = argmin (=9(q))]l

aCA, acA, gerelint(A(Ay))

<2 VL (gh ) [, g

ac€A,
=21 Y 1o (@)ymbl, g
CLEAn
1 1
t
< QUHmnH*,gZ_I < é < Za

. . . . 1
where the second inequality is by the assumption that n < ¢
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Step 2: Bound }_ _, [lgi" — ¢, '|| ;1. Similar to (A.11), we first observe that

Ui ) = 5 ) + (e, ph @)y — pl 2 (a)mi )
which implies
VUt = Ve 4 (g (@)an - plH(@)my ).
) = 0 by the first-order optimality.

; t—1 minimi t—1 t—1( t—
Since ¢/ ' minimizes /', we have V&! '(q

a

Thus, we have

VU g =1 (0 N a)ty ™ = pl 2 (a)mi )

Then, we want to invoke Lemma A.3 again, and we need to show ||[VW.~! (g, "], ;11 <
5. By the triangle inequality, we have that

I 0 = s < ot @i =g g

t—1 -
*,qa

1

+ {|ph (@)mi ™t = pi(@)m

Then, the first term on the RHS of the above inequality can be bounded as follows

I @il = gl a)mt
e (P @1 = @l (@) — mt (@)
\ZA (@) ( — )

_ P (a)ge Hay, )
pht(alt)

<
(A.29)

Y

VAN
/
lyg
VR
=,
s
3
Q
v
~~
[\&)
-
B
5T
—
g\
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where the second inequality is due to that |u}(a) — m! (a)| < 1. The second term
on the RHS of (A.28) can be bounded as follows

It (@ — pi”(a)mi‘ln*,qgﬂ
> 1 (a)mt (o) — pl2(a)m (@)’

adeA,

> g e (i (a) — pi(a))?

a'eAy,
= pl H(a) — 5 ().

Then, substituting (A.29) and (A.30) into (A.28) gives

(A.30)

IV ga g = llph =, Ha)my

P ()qa (ai Y
pytag )

t—1
*,qa

+(p, (@) — p *(a) (A.31)
<2n < 1 1
=YE5Ty
where the first inequality is due to that p’ '(a ') = ZaeAn Pl '(a)gi ' (a’), and the

last inequality is due to the assumption that < ;. Then, by invoking Lemma A.3,
we have that

Yolgt = di g =D llait = argmin (=¥ (g))]| ¢

acA, acA, gerelint(A(Ay))

<2 V¥ gl g
acAn,

S?EZHWK%MW*—mﬁ%@mzwwyl
ac€An

<QZ pn atln +2nz t2(a))
acA, (a acA,

<2n+0<L 1 L
TTUSSS T

Then, we are ready to give the proof of Lemma A.7 as follows.



121

Proof of Lemma A.7. Let p! := maX,c4,

1— qq(—(>)‘ Then, it holds that

t( ! 2
£\2 q,(a’) At t—1)12
() < D (1— - ) = llga = aa G- (A.32)

t—1( 7
Jx qq ()

According to Lemma A.8, we have that > _, u, < 0.5. By the definition of 1/,
we have that for any a,d’ € A,;:

(1= pa)aa (@) < qala’) < (1+ pg)gs™ (o).

By the definition of 7, in Definition A.3, we have that [], ,cp(r) @n(u,v) =
[l(.0)er(r,) ¢.(v), and the above inequality implies that

[Ta-u) JI << ] 4w

ueAy, u,v)EE(T, w,v)EE(Ta
€ (u,v)EE(Ta) . (u,v)EE(Ta) (A.33)
< JTa+u) ] o'

ucAp, (u,v)EE(Ta)

Since ¥, = > rcr, [[(wwyenen @n(u, v), summing up (A.33) over all 7 € T, gives

that
RSV | IEERTARS Eé‘leXP{ > uif} ,

CLIE.An (l,GAn
and that
S ] (= ph) = S exp {—2 > NZ’} ,
aeA, a’€An

where the last inequality is due to 1 —2 > e™>* forany = € [0, 3] and 3, pf < 3
due to Lemma A.8.

Since X' = ) ., Y., we have the lower and upper bounds for ¥* as follows:

v exp{ 22“ }thgEtlexp{Z,u’;/}.

a EAn alEAn
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Then, we have that

_ DRAED A
hla) —pi M) = o - ot
ex b -l
P {zi e } © oy
< oyt
exp{—2 > ug} -1
aIE-An

thl :
= ﬁ exp1 3 Z Mo ¢ — 1
a’'€An,

Etfl .
S -1 8 Z Har |

where the last inequality is due to e” — 1 < 3z for all z € [0, §]. Similarly, we have
that Sl
P @)~ ph() = S — o

expq —2 > ug,}zg—l
3i-t { a’'€An

where the last inequality is due to 1 — z < e ®. Thus, by the fact that p/~! = Zo
we obtain that
P}, (a) = pl, H(a)] < pyy(a) (8 > /~L21> :
a'E€An
Summing over a € A, gives [|p}, — pi 1 <83, ca Mo
Thus, by Cauchy-Schwarz inequality and (A.32), we have that

2
o~ < 64 (z Mz) <oid, Y ()

ac€An acAp (A34)
t t—1112
< 64"471 Z HQa — 4, ||qfl—1‘

ac€A,
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A.3.4 Proof of Theorem 4.2

Proof. Step 1: We express the swap regret bound in terms of the estimated reward
as follows. Notice that

E[Z <q2,p2( |.7:t 1] Z an a)q,(aym,(a’)

a€A, a€A, €A,
B pu(a)gy(a')1[a;, = a'](m;(a') — uj(a'))
g%f[ Phla) e
= > ph(d)mhi(a) = Y pl(d)(mi(a') — ul(d))
a’€An a’€An
= > ph(a)ul(a)
ac€An,

and that

E| Y phla)i,(F(a) | Fie 1] = Y phla)mi(F(a)

(lE.An

= 3 @) (ml(F(a) — (F@) = 3 pl (@)l (F(a

acAn, acAy,

RY™(T) =maxE|Y > 1}, = d] (u,(F(a)) — UZ(G))]

| t=1 ac A,

= maxE ZE > pha) (uh(F(a) — vl (a)]) | E_1” (A.35)

acA,
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Step 2: Notice that for any F' € F,:

E|> (@i, (F(@) = (¢ pl(@)a)) | < max B3 (g d,p()i)

t=1 An t=1

Thus, we reduce the problem of bounding the swap regret to bounding external

regret R! (q) for each subroutine a € A,,. This enables us to refine the existing full-

information feedback analytical results to apply to our bandit feedback setting.
Since Lemma 2.9 requires that ¢ € relint(A(A,)), but ¢& € A(A,). Let ¢ =

argmax E[R”(¢)]. We get around with this by letting g, := (1 — 1) ¢} + +¢¢, where
qGAAn

¢(d) = A%,Va’ € A,, and thus g, € relint(A(A,)). Now we can write R! as
follows.

E [RZ((]:)] =E Z qa - Qaapn Z o qa7pn n>]
pEL

(A.36)

=E - q§>p;(a)ﬁ;> +E [RZ;(CL)] :

We can bound the first term of the RHS in the above equation as follows.

Z <qa - qmpn
T

1., ., . ;
> lla; = gl (@)u o

t=1

1

M»e

(g — QS,pZ(a)UZ>]

zT:

t=1

t=1

p

'ﬂlw

<E

where the last inequality is due to that ||¢* — ¢¢|[x < [|g;|ls + ||¢¢]: < 2 and uf, <1
Next, we can invoke Lemma 2.9 to bound RI(g,), which requires n||p! (a)d!, —
Pl H(a)ymh g < § and nllpl ! (a)ml, ||, 1 < 3, where g}, € relint(A(A,)) is an aux-
iliary probability distribution defined as the solution when the predictor is exactly
the estimated reward for the ¢-th round for subroutine a € A,,.
In the following, we show that the requirement for Lemma 2.9 is satisfied when
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n < 15- According to (A.28) to (A.31), we have that

1 ||pn(a@)is, — p, " (a)my,
< ([[pi (@), ~ pl(a)

§n<t<) Al )+pn() pffl(a))ﬁ%él,

ph(at) 8

*,qh

U+ (@t — o (@

*,qé> (A.37)

where the third inequality is due to % < 1and p! (a) — pt-'(a) < 1, and the
last inequality is due to 1 < -

On the other hand, for any ¢ € A(A,), we have that

t

n|lph "t (a)m,

[\3“_.

g Snlp )y <0 <5

Then, we can invoke Lemma 2.9 to bound R7(g,) as follows:

T t—1 t—1112
R ( ) _pn ( ) ,qt 16772||qa q, qufl
(A.38)
Now, we give a bound of ¢/(g,) by invoking Lemma 2.4 as follows.
P(Ga) <U(¢E) + A, InT = A, InA, + A, InT < 2A,InT, (A.39)

where we use the fact that 7(g,; ¢¢) < 1 — 7 by the definition of g, (see definition
of 7(+;+) in (2.5)).
Now, substituting (A.38) and (A.39) into (A.36) gives:

2
05

E[R.,(¢")] <E

T T
2 24, InT . _
= Zpi(a) e > |ph(ayal, — pl (a)m,
=1 t=1

167]2an_qa IH ] :

Step 3: Summing over a € A, and invoking Lemmas 4.1 and A.7, we have the
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swap regret bounded as follows:

X 2(A, ) InT T ~ T ~
S E(RT(g)] < E 2+%+4n2|ru;—uz1H1+4n2\|p;—pzlul
t=1 t=1

ae.An
) T
¢ t—1(|2
10244 n Z Hpn —Dn H1
nii=1
Next, for any ¢ € [T| and a € A, since

ut (a) = Eo ot [un(a; at. Zp w)un(a;al ),

we have that
|y, (@) — uy;t (a)]
n)Un(a;a_ Zpt Ya_n)un(a;a_y)

< Z [un(a;a_y,)] ‘p,n a_p) —pt:nl(afnﬂ

< T phalam] = TT 2htaml| <D ek, — 22,

G—n |Mm#n m##n m#n

where the last inequality is due to the total distance between two product distri-
butions being bounded by the sum of the total variations of each marginal distri-
bution [48]. Then, we have the swap regret bounded as follows:

2(A,)
BTy <E |24 24 0T 4?72 > ek, — vl

t=1 me[N]

1 _112
—m;um—pzlul
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